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Abstract

Let K be a complete nonarchimedean local field of characteristic
zero having a residue field of odd characteristic. Let L D K be the
unramified quadratic extension and let £ be its residue field. For a
discrete co-compact subgroup I' of the unitary group PU(3, L), a one-
dimensional rigid analytic space on which I' acts discontinuously is
constructed. The quotients of this space by normal subgroups A C
I" of finite index and without elements of finite order are projective
algebraic curves, on which the finite group I'/A acts. The reduction of
the space consists of hermitian curves and projective lines intersecting
in (-valued points.

Introduction

Let L D K is the unramified quadratic extension of a local field K of charac-
teristic zero with residue field k of odd order q. We construct a uniformisation
of curves by discrete co-compact subgroups I' of the unitary group PU(3, L).
The construction has two ingredients. First a ['-invariant subset of the affine
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building B of the group PU(3, L) is determined. Then this [-invariant sub-
set is used to construct a one-dimensional uniformising space on which I" acts
discretely with proper quotients.

The building B of the group PU(3,L) is a (¢* + 1,q + 1)-tree. The T-
invariant subset is a union of (¢ + 1,¢ + 1)-subtrees that are subbuildings
belonging to subgroups PU(2, L) and that intersect pairwise in at most a
vertex. We require that this subset contains all the vertices that are contained
in ¢® + 1 edges. If the -invariant subset of the building differs from B, then
the complement consists of isolated vertices.

The uniformising space is constructed by associating to each PU(2, L)-
building in our [-invariant set a rigid analytic variety. This rigid analytic
variety is choosen in such a way that I'(P(U(1,L) x U(2, L)) acts on it
discretely with proper quotients. Here P(U(1,L)x U(2,L)) C PU(3,L)
is the stabiliser of the subbuilding. We take a suitable open admissable
subspace of each of these rigid varieties and glue them according to the
intersections of the PU(2, L)-buildings in our I'-invariant subset of B. For
the glueing to be possible, it is necessary that the group PU(3,¢) acts on the
components of the reduction of the analytical space belonging to a PU(2, L)-
building that correspond to vertices contained in ¢* + 1 edges of B. Here ¢
denotes the residue field of L. Finally, a component has to be added for each
vertex in B that is not contained in the [-invariant subset. The analytic
space we associate to a subbuilding belonging to a group PU(2, L) in our
construction is an étale covering of the p-adic upper halfplane €2;. Over a
suitable field extension this covering is isomorphic to a connected component
of Drinfelds étale covering of the p-adic upper halfplane. The components of
the reduction of this space are hermitian curves.

Let us briefly compare our construction with the uniformisation of curves
over the field of complex numbers C by discrete subgroups with finite co-
volume of SL(2,R). Then the uniformising space is a hermitian symmetric
space. This is the complex unit ball. The quotient of this symmetric space by
the discrete group is either compact or non-compact, depending on whether
the discrete group is co-compact or has only finite co-volume. If the quotient
is non-compact it can always be compactified.

Over the completion of the algebraic closure C, of the field K every
algebraic curve with bad reduction has a uniformisation as a quotient of a
suitable choosen rigid analytic variety by a discrete subgroup of PGL(2,C,).
The discrete group acts on a tree. Since the building of PU(3, L) is also
a tree, it does not seem unreasonable to expect for discrete subgroups of



PU(3, L) to act discretely on a rigid analytic variety of dimension one with
proper quotients.

If the characteristic of the local field is zero, then all discrete subgroups
with finite co-volume of the linear algebraic group are co-compact. There-
fore the idea of compactifying some symmetric space as in the real case seems
at first absurd. We make sense of this situation by reverse engineering the
notion of compactification. First we construct a [-invariant ”"open” sub-
space of the building B that omits a ['-invariant set of isolated vertices. The
”compactification” of this "open” subspace is obtained by adding the missing
vertices and equals the building itself. Then we construct a suitable analytic
variety for the open subspace of the building on which the group I' acts dis-
continuously. Finally, this analytic space is compactified by adding suitable
affinoid spaces for the vertices of the building that are missing in the open
subspace.

This construction, however, does not give a bijection between ”open” sub-
spaces of the building B and commensurability classes of discrete co-compact
subgroups of PU(3, L). A discrete co-compact subgroup I' C PU(3, L) sta-
bilises at most finitely many (possibly zero) suitable "open” subspaces of
the building. On the other hand a suitable "open” subset of the building is
stabilised by at most one commensurability class of discrete co-compact sub-
groups of PU(8,L). Almost all arithmetic subgroups of PU(8, L) preserve
some suitable "open” subspace of the building.

We now give a brief outline of the article. The first four sections study the
building B of PU(3, L) and the action of discrete groups on B. In §1 we recall
some basic definitions and properties of the group PU(3, L) and its building
B. In §2 we discuss (partial) spreads of the set of isotropic points for the uni-
tary form over the residue field ¢ of the field L. Using such (partial) spreads,
we define coverings by subbuildings of the building of the group PU(3,/)
over the residue field. In §3 we show that B can be covered by PU(2, L)
subbuildings in such a way that two such PU(2, L) buildings intersect in at
most a vertex. We give a precise definition of the type of coverings of B by
PU(2, L)-buildings we need. We show that the automorphism group of such
a covering of B is a discrete subgroup of PU(3, L).

In §4 it is shown that almost all arithmetic groups I' C PU(3, L), preserve
a I'-invariant subset of B that is covered by PU(2, L)-buildings having the
required properties.

In sections §5 till §6 we define and study a finite étale covering of the
p-adic upper halfplane €2; in detail. In §5 we construct the étale covering >



over the field L by glueing affinoids.

In §6 the covering is embedded into a projective plane. To do this the
space X over the field L is constructed by glueing open admissable subsets of
Y. together. These admissable subsets are embedded in two projective planes
on which the group P(U(1,L) x U(2,L)) acts linearly. The embeddings
depend on a discrete co-compact subgroup I'y, € P(U(1,L) x U(2, L)) and
are invariant under the action of this subgroup. Then ¥ is obtained by glueing
these admissable subsets. As a result one has locally defined coordinates on
¥ such that the discrete group I'y, € P(U(1,L) x U(2, L)) acts linearly.

In §7 we recall some properties of the set Y* C P2 consisting of the points
in P2 that are stable for all maximal K-split tori in PU(3, L). In particular,
we define a PU(3, L)-equivariant map from the set Y* to the building B of
the group PU(3, L).

This map is used in §8 to define an open admissable subspace ¥° C X..
The spaces £° for suitable subgroups P(U(1,L) x U(2,L)) C PU(3,L) can
be glued together to form a space on which a co-compact discrete group I' C
PU(3, L) acts discontinuously. This is done in §9. The quotient by the group
' is not always complete, but it can be compactified. The construction of the
uniformising space is analogous to the construction of ¥ by glueing together
admissable subspaces. In §10 the space is compactified I'-equivariantly.

In §11 we describe the reduction, a semistable reduction and determine
the genus of the quotients. In §12 we show that our variety differs from
certain known moduli spaces. We also speculate on a possible generalisation
of the construction to other groups.

In §13 we discuss some examples of spreads, discrete groups and algebraic
curves.
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1 The group PU(3, L) and its building

1.1. The field. Let L D K be as above. We write K° (L°) for the ring of
integers of K (L). The residue fields are denoted by k and ¢. By ¢ we denote
the number of elements in the residue field of K. Then ¢ is some power of
p = char(k) > 2. Let v be the additive valuation on L, normalised such
that v(L*) = Z. The absolute value of x in L is |z| := ¢~2'®). We fix an
uniformizer 7 in L°, v(mw) = 1.

1.2. The unitary groups. Let V = L3 be a vector space equiped with a
non-degenerated unitary form h. Then there exists an L-basis ey, ey, es of
V', such that h has the standard form h(z,y) = 217, + 227, + 207y,. Here
Ty, Tg, T2 are the coordinates of V' (or P2 := P(V)) with respect to the basis
e1, €9, €2 and ~ denotes the action of the nontrivial element of the Galois
group Gal(L/K). The image of a vector v € V in P(V) will be denoted
by [v]. By U(3,L) we will mean the group of three by three matrices with
coefficients in L that act on V and preserve the form h. The subgroup
SU(3,L) C U(3,L) consists of the elements having determinant one. The
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quotients of these groups by diagonal elements are denoted by PU (3, L) and
PSU(3, L), respectively. Occasionally we will view these groups as a group
G(K) of K-rational points of a linear algebraic group G defined over K.

1.3. The building. In the L-module V we introduce the two L°-submodules
My =< egy, e1,es > and M, :=< ey, me1, es >. For a LP-submodule M of V,
we write [M] for the equivalence class {\ - M| A € L*}.

The building B of PU(3, L) is the tree, whose vertices are given by the
PU(3, L) images of [My] and [M;]. The edges (or chambers) are given by
the PU(3, L) images of {[My], [M;]}. Since L/K is unramified, a vertex of
type g([Mo]) with g € SU(3, L) is contained in ¢* + 1 edges while the other
vertices are contained in ¢ + 1 edges. Both type of vertices are special, i. e.
they are stabilized by the full Weyl group of the root system. (See [A-B] def.
10.18.) We have a type map 7 that associates to a vertex v € B its type
7(v) € {0,1}. The vertices v corresponding to equivalence classes g([My]),
g € PU(3, L), are of type 7(v) = 0 and are called hyperspecial. They remain
special for any unramified extension of the field K. (See [Ti] §1.10.) The
vertices v corresponding to equivalence classes g([M;]) have type 7(v) = 1.

Let S C G(K) be a maximal K-split torus. We may assume that S is
the torus that acts diagonally with respect to the basis ey, e1,e5 of V. Let
A C B be the apartment associated to the maximal K-split torus S(K) = K*.
Then S acts on A by translations. The vertices of A are [M,],n € Z where
M,,, =< eg, e, T ey > and Moy, 1 =< eg, 7" e, 7 ey >. We will often
identify the apartment A with the real line R. This will always be done in
such a way that the vertices correspond to the set of integers. We will then
write n for the vertex [M,,]. This identification of the apartment A with the
real line R gives a distance dg(a,b) := |a — b] on A. This distance can be
extended to the entire building B.

1.4. Embedding the building into the building of PGL(3,L). The
group PU(3, L) is a subgroup PGL(3, L) fixed by an involution. Therefore
the building B of the group PU(8, L) can be obtained as the set of points
fixed by an involution acting on the building B of the group PGL(3, L).
Let us first recall the description of the building B in terms of equivalence
classes of L°-modules. The vertices of B are given by the equivalence classes
of L°-modules in the L-module V = L3. The maximal simplices or chambers
in the building are triangles. Three vertices vq, vy, vy € B form a chamber
if and only if the corresponding equivalence classes of L°-modules can be



represented by modules M,,, 7 = 1,2, 3 that satisty: 7M,, C M,, C M,, C
M, .

Let My :=< eqg,e1,e9 >, My :=< ey, ey, e5 > and My :=< meg, mey, eg >
be three L°-modules. Then [My], [M;], [Ms] define a triangle in the building
B.

Using the unitary form h on V = L? one defines the dual MV of a L°-
module M as being the L°-module M"Y :={z € V' |VY(y € M) h(z,y) € L°}.
Then the map M — MV induces an involution 7 on the vertices of the
building B. The map 7 can be extended to the entire building B. Let B™ C B
be the set of points that are fixed by the involution 7. Then B™ inherits
a simplicial structure from the building B. The simplices of B™ are the
intersections of B” with simplices of the building B that are non-empty. In
fact B™ with this simplicial structure is the building B of the group PU(3, L).

1.5. The building of the group PU(3,/). Let £ = FF 2 be the residue field
of L. Let the vector space 3 be equiped with a non-degenerated unitary
form hy(z,y). The group PU(3,¢) acts on the space 2 and on P? preserving
the unitary form h,(z,y). The group preserves the hermitian curve H C P?
defined by hy(z,z) = 0. The (-valued isotropic points in P? form a subset
H(l) C P2(¢) of order 1H(¢) = ¢* + 1.

The vertices of the building of the group PU(3,¢) correspond to the
isotropic points of P?(¢). Two such isotropic points define an apartment of
the building.

The building can also be defined as the link of a hyperspecial vertex
v € B. (See [A-B] definition A.19 and proposition 4.9.) The link lkz(v) of a
vertex v € B consists of the vertices v/ € B that form an edge € with v.

Let [M,] be the equivalence class of L°-modules belonging to the hyper-
special vertex v. The building lkz(v) is the building of the group PU(3,/)
that acts on P2 = P(M, ® /) preserving the unitary form h ® /.

The link lkg(vy) for a non-hyperspecial vertex v; € B is isomorphic to
the building of a group PU(2,/).

2 Spreads and buildings
Spreads are partitions of the set of isotropic points in P? into subsets of ¢+ 1

isotropic points. We use partial spreads to define partial coverings of the
building of the group PU(3,¢) by buildings belonging to subgroups SU (2, ¢).



2.1 Definition. A spread of the f-valued isotropic points in P? for a non-
degenerated hermitian form hy(z,y) consists of a partition of the set of
isotropic points into lines P} that each contain ¢ + 1 isotropic points. Since
P(¢) contains ¢* + 1 isotropic points, a spread consists of ¢*> — ¢ + 1 distinct
lines. A partial spread consists of a non-empty set of lines P} that does not
cover the entire pointset and such that no isotropic point is contained in
more than one line. Each line contains ¢ + 1 isotropic points.

In [B-E-K-S] different spreads of the hermitian curve are studied. More-
over, they give examples of partial spreads that are maximal (See [B-E-K-S]
theorems 4.1 and 4.2.). However, they have an extra condition on these par-
tial spreads. So it might be that they can be extended if one drops this extra
condition. These results are also discussed in [B-E] §6.2.

2.2 Example. Let x € P? be an (-valued anisotropic point and let z+ C P?
be the line orthogonal to the point x. Then the lines P} orthogonal to the
(-valued anisotropic points contained in the line z* together with the line
xt form a spread. The group P(U(1,¢) x U(2,{)) that stabilizes z and x*
preserves the spread.

In propositions 13.3 and 13.4 we describe the spreads that are invariant
under the groups S5 X C§+1 and C§+1.

2.3 Definition. Let Gy C PU(3,/) be a finite group. A Go-invariant partial
spread is called Gy-adapted if every isotropic point with non-trivial stabiliser
in Gy is contained in the union of the spread.

2.4 Example. A Singer cycle Cpe_qiq1. Let Gy C PU(3,¢) be a cyclic group
of order ¢*> — ¢+ 1. Then Gj is called a Coxeter torus or Singer cycle of the
unitary group. The group Gy has ¢ + 1 orbits each consisting of ¢> — ¢ + 1
points on the set of /-valued isotropic points. In particular, if a Gy-invariant
spread exists, it would consist of a Gg-orbit of a single line P}. Such a cyclic
spread does not exist for p > 2. (See [B-E-K-S] theorem 3.1.)

2.5 Definition. If the hermitian form is non-degenerated on the line P} C
P2, then the stabilizer of the line is a subgroup P(U(1,¢)xU(2,¢) C PU(3,¢).
To a partial spread of the set H(¢) of f-valued isotropic points in P corre-
sponds a set of subgroups P(U(1,¢) x U(2,¢). The buildings corresponding
to these groups are sub-buildings of the building of PU(3,¢). Since the lines
of the spread have no isotropic points in common, the sub-buildings corre-
sponding to these lines do not have a vertex in common. We call a covering



of the building of PU(3,¢) by SU(2,¥)-sub-buildings that correspond to a
partial spread of the isotropic points of P?(¢) a transversal covering. If
the partial spread is a complete spread, then the covering covers the entire
building. Then it is called complete.

2.6 Remark. Complete transveral coverings of the PU(3,¢)-building by
SU (2, ¢)-sub-buildings exist, since spreads exist. By example 2.2, there exist
for certain subgroups Gy C PU(3, /) spreads that are Gy-invariant.

2.7 Lemma. Let hy, denote a non-degenerated hermitian form on P%. Let
z,y € P? be two distinct (-valued anisotropic points. Let z € P? be the
unique point that is orthogonal to both x and y w.r.t. hy. Then the following
statements are equivalent:

i) The restriction of the hermitian form hy to the line L, , =< x,y > is
non-degenerated.

i) The point z € P? that is orthogonal to both x and y is anisotropic.

iii) he(@,2)he(y,y) — he(z, y)he(y, z) # 0.

iv) The buildings belonging to the groups PU(2,() that stabilise x and y
are disjoint.

Proof. The hermitian form h, is non-degenerated. Hence hy(z, z) # 0 if the
restriction of h, to the line L, , =< z,y > is non-degenerated. If h(z,z) =
0, then z € L,, and the restriction of h, to the line L,, =< z,y > is
degenerated. Therefore statements (i) and (ii) of the lemma are equivalent.

Let u € L,, be the point u := hy(y, z)x — he(z,z)y. Then hi(u,z) =
he(y, ) he(x, 2)—he(z, 2)he(y, ) = 0 and h(u, u) = he(z, x)-(he(z, 2)h(y, y)—
he(y, x)he(z,y)). Therefore the restriction of hy to the line L, , =< x,y > is
degenerated if and only if h(u,u) = 0. Hence statements (i) and (iii) of the
lemma are equivalent.

Let G, and G, be the stabilisers in the group PU (3, ¢) of the points x and
y, respectively. Then the groups G, and G, are isomorphic to P(U(2,¥) x
U(1,£)). A subgroup PU(2,¢) of G, acts on the line - C P2. Its Borel
subgroups are the stabilisers of the ¢-valued isotropic points in z*. Hence
the subgroups PU(2,/) of G, and G, have a Borel group in common if and
only if the point z Lx,y is isotropic.

Let b, and b, be the PU(2,¢)-buildings belonging to x and vy, respec-
tively. The intersection b, ()b, is non-empty if and only if the groups

9



PU(2,/) in the stabilisers of z and y have a Borel group in common. In
particular, b, N'b, = § if and only if the point z_Lx,y is anisotropic. n

3 A forest of trees

We define (partial) coverings T of B by PU(2, L)-subbuildings b such that
an edge e € B is contained in at most one building b € 7 and such that all
hyperspecial vertices of the building are contained in the union J, .+ b.

These coverings T are the p-adic analogs of the coverings of the building
of the group PU(3,/) that correspond to (partial) spreads. A subbuilding
b C B corresponds to the line P} C P2 that is stabilised by the group
PU(2, L) determined by b. In particular, a (partial) covering 7T defines a
(partial) partition of the set of isotropic points in P?(L).

We show that the automorphism group Aut(7) C PU(3, L) is a discrete
subgroup. We furthermore prove that for a discrete co-compact subgroup
I' € PU(3, L) there exist at most finitely many I'-invariant coverings 7 of
B.

3.1 Remark. Let Ny/x : L — K be the norm map. Since the ex-
tension L O K is an unramified and quadratic, Ny /x((L°)*) = (K°)* and
K*/Np/k(L*) = {1,7} hold. In particular, one can rescale any point x €
P%(L) such that h(z,z) € {0,1,7}. The three types of points x € P?(L)
correspond to three types of lines - =~ P} C P2.

If h(z,x) = 0, then the unitary form on x! is degenerated. The line x
contains a single L-valued isotropic point, namely the point x itself.

If h(x,z) = 7, then the hermitian form on z* does not represent 0 over
the field L. The stabiliser of the line 2+ is a compact subgroup of PU(3, L).

If h(z, z) = 1, then the line 2+ contains infinitely many L-valued isotropic
points. The stabiliser of the line z* in the group PU(3,L) is a group
P(U(1,L) x U(2,L)). The group U(1,L) is a finite cyclic group of order
q + 1 acting trivially on the line z+.

Every subgroup PU(2,L) C PU(3,L) stabilises a unique anisotropic
point * € P?(L) such that h(z,z) = 1 after some rescaling. Hence we
have a bijection between PU(2, L)-buildings b C B and anisotropic points
x € P?(L) such that h(x,z) =1 after rescaling.

€

3.2 Definition. Let by, by C B be two sub-buildings belonging to sub-
groups PU(2,L) C PU(3,L). We say that the buildings b, and by intersect
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transversally if they have no edge in common. The trees b; and b, are called
transversal if they intersect transversally. If by N'by # (), then the vertex
v := by N by is hyperspecial.

Let v € B be a hyperspecial vertex. Let by, ..., b, C B be subbuildings
belonging to subgroups PU(2, L) C PU(3, L). We assume that the buildings
intersect transversally in the hyperspecial vertex v. Then ();_; b; = v.

The buildings lky,(v), ¢ = 1,...,s form a transversal covering of the
PU (3, ¢)-building lkg(v). Here lky,(v) denotes the PU(2,{)-building that
consists of the vertices v/ € b; that form an edge with the vertex v.

Let [M,] be the equivalence class of L°-modules belonging to the vertex
v. Each anisotropic point T € P(M, ®{) can be lifted to a point z € P%. The
point = € P? is stabilized by a unique subgroup PU(2, L) C PU(3, L). This
subgroup PU(2, L) determines a subbuilding b C B. The edges e € b that
contain the vertex v are uniquely determined by the point 7 € P(M, ® ¢).

Therefore each transversal covering of the building lkz(v) can be lifted
to characteristic zero and gives a set of PU(2, L)-buildings that intersect
transversally at the vertex v.

3.3 Definition. Let 7 be a set of PU(2, L)-sub-buildings b C B that in-
tersect transversally. If all hyperspecial vertices v € B are contained in the
union (J{b € T} C B, then we call 7 an (almost complete) transversal cov-
ering of the building B. A transversal covering T of B is called complete
if the union of the buildings b € 7 equals the entire building B. If T is
complete, then an edge e € B is contained in a unique tree b € 7.

Let vi € B be a non-hyperspecial vertex that is not contained in the union
of the buildings b € 7. Since all the vertices that form an edge with vy are
hyperspecial, they are contained in the union |T| := [J{b € T}. Therefore
only isolated vertices are omitted from the building B.

3.4 Example. Let us give an example of a torsion-free discrete co-compact
subgroup I' C PU(3, L) that leaves invariant a complete transversal covering
T of the building B. Let v € B be a hyperspecial vertex and let 75, := {b; |
i=1,...,¢* — q+ 1} be a set of PU(2, L)-subbuildings of B such that for
all pairs b,b’ € T,, b # b’ the intersection equals b N b’ = v. For each
PU(2, L)-building b € 7T, we fix a torsion-free discrete co-compact subgroup
I'y C SU(2,L) = SL(2, K) that acts transitively on the two types of vertices
contained in b. Then b/T'}, consists of two vertices joined by ¢+ 1 edges. The
group I' C PU(83, L) generated by the groups I'y, with b € 7, is a torsion-free
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discrete co-compact subgroup. The quotient B/T consists of ¢* — ¢ + 1 non-
hyperspecial vertices and a single hyperspecial vertex. Each non-hyperspecial
vertex is joined to the hyperspecial vertex by ¢ + 1 edges. The covering
T :={y() | veTI,be Ty} is al-invariant complete transversal covering
of the building B.

In prop. 13.12 below more examples of complete transversal coverings in-
variant under the a discrete co-compact subgroup of PU (3, L) are discussed.

3.5 Notation. For a PU(2, L)-subbuilding b C B, we denote by H; =
P(U(1,L) x U(2,L)) C PU(3,L) the stabiliser of b. We denote by z}, €
P%(L) the unique anisotropic point that is stabilised by the group Hjp.

3.6 Definition. Let w,z,y,z € P?(L) be four distinct points. We say that
the points w, z,y, z are in general position if and only if no three of them
are contained in a single line P} C P2. If four points in P?(L) are in general
position, then the subgroup of PGL(3,L) acting on P2 that preserves the
set consisting of these four points is finite.

3.7 Lemma. LetT be an almost complete transversal covering of the building
B. Then the following holds:

i) Let b # b' € T. Then the unitary form on the line Ty, Tp) is non-
degenerated and non-compact.

i) Letb,b’ C B, b # b’ be subbuildings. If vy, € xi, then the intersection
b’ N'b consists of a single vertex.

Proof. let x € P?(L) be the unique point L {xy,, 7). Since the buildings b
and b’ intersect transversally, h(x,z) # 0 holds. Let us assume h(z,z) =7
and derive a contradiction.

Let fo € L3 be a vector such that z = [fo] holds. Let fi, fo € L3 be
vectors such that zp, zp € (f1, fo) holds and, moreover, the hermitian form
equals Ty U1 + YoUz w.r.t. these vectors. Any L-valued point y € z* such
that h(y,y) = 1 has the form y = [af) + bfs] with @ € L° and b € (L°)*. In
particular, such points are contained in the L°-module M := (fo, f1, f2) and
have a non-zero reduction w.r.t. this basis. The L°-module M corresponds
to a non-hyperspecial vertex vi € B. In particular, the edges e > v; are
contained in the intersection b N'b’. This cannot be and statement (i) must

hold.
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Let us now prove statement (ii). Let # € P*(L) be the unique point such
that L xp, 2. Since zp, L 2y, the point « is such that h(z,x) = 1 holds.
In particular, the buildings b and b’ intersect transversally.

There exist vectors fo, fi, fo € L3, such that x = [fo],zp = [f1] and
Ty = [fg] Since h(fz,fz) =1 for 1 = 0,1,27 the L°-module <f07f1,f2>
corresponds to a hyperspecial vertex vq € B. Therefore vy € bNb’. Since the
buildings intersect transversally, this is the only vertex in the intersection. [

3.8 Proposition. Let T be an almost complete transversal covering of PU(2, L)-
buildings. Then the automorphism group Aut(T) C PU(3, L) is discrete.

Proof. To prove the proposition, it is sufficient to show that for each hyper-
special vertex v € B the stabiliser Aut(7T ), C Aut(T) of the vertex is finite.
To prove the finiteness of the group Aut(T )y, we will construct four build-
ings by, b1, bs, bs € T, such that ds(v,b;) < R for some finite R € R and,
moreover, the points zp,, ¢ = 0,...,3 are in general position. Then both the
Aut(T)y-orbit of the set {zp, | i = 0,...,3} and the stabiliser in Aut(7)y
of this set are finite. In particular, the group Aut(7 )y is finite. Hence the
group Aut(7T) C PU(3, L) is discrete.

Let vg € B be a hyperspecial vertex. We will use induction to construct
the four buildings by, b1, by, by € T needed to establish the finiteness of the
group Aut(T)v,-

Let us assume that for some 7 > 0, we have vertices v; and buildings
b, € T for j = 0,...,7. Then we construct a vertex v;;; and a building
b,y1 € T such that v;1; € b;y1. For n,m € N we will denote by b,,,, C B,
n > m, the subbuilding belonging to the stabiliser of the line (zy,,, xp,, )-

We establish the base case ¢ = 0 by choosing a building by € 7 such that
vy € byg.

Let us now construct a hyperspecial vertex v; € B and a building b; €
T for 0 < i < 3. Let us assume that we have constructed vertices v;
and buildings b; for 0 < j < i. We choose a vertex v/ € B such that
dg(V/7Vi_1) =2 and if 7 > 1 also dB(V/,VZ'_2> = dB(Vi—lyvi—2> +2. Ifi > 1,
then we assume that v/ € b;,;_1, j <i— 1. We then choose a vertex v’ € B
such that dg(v”,v') = 2 and dg(v”,v;_1) = 4. If there exists a building
b’ € T such that v/, v;_; € b’, then we choose the vertex v/ & b’. We now
choose a building b € T such that v € b and define b; := b. If v/ € b,
then we define v; := v’, otherwise we define v; := v”.

By construction v;_1 & b;, and if ¢ > 1, then b; N'b;;—; = 0 for 0 <
J < i— 1. In particular, by lemma 3.7 (ii) for i > 1 a2y, & (2p,, Tp,_,) With
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0 <j <i—1. Moreover, if i > 2, then v,_1 € b;_3; 2 and b, N b;_3,;_5 = 0.
Therefore zp, & (T, 5, Tb, ,)-

We claim that the points Tp;, 0 < j < 3arein general position and that
dg(vo,b;) = dp(vo,v;) < 12,0 < j < 3 holds. The details are left to the
reader. O

3.9 Corollary. Let T be an almost complete transversal covering of the
building B. Let I'y # 'y C PU(3, L) be discrete co-compact subgroups. If T'y
and I'y both preserve T, then the groups I'y and I'y are commensurable.

Proof. The group (I';,T's) preserves 7. Hence the subgroup (I'1,I';) C
PU(3, L) is discrete. Since I'1,I'y C PU(8, L) are co-compact, the inter-
section I'y N I'y C I'1, 'y must be of finite index. O

3.10 Proposition. Let I' C PU(3, L) be a discrete co-compact subgroup.

i) If T is a T-invariant transversal covering and b € T a subbuilding,
then the subgroup I' N Hy, C Hy, 1s discrete and co-compact.

ii) There exist at most finitely many I'-invariant almost complete transver-
sal coverings of B.

Proof. Let us first prove statement (i). The discreteness of I' N Hy, C Hy, is
obvious. Let us therefore assume that the group I' N H, C Hy, is not co-
compact and derive a contradiction. There exists a vertex v € b such that
the intersection b N I" - v consists of infinitely many I' N Hy-orbits. Let the
set {v; € b |i € I'} consist of representatives of the I' N Hyp-orbits in the set
bNT -v. Then there exist elements v; € T', i € I, such that ;(v;) = v.
In particular, v € ~;(b) € T, ¢ € I and the set {y;(b) | i € I} is non-
finite. This cannot be, since 7T is a transversal covering and therefore the set
{b € T | v € b} is finite. Therefore statement (i) of the proposition holds.
Let us now prove statement (ii). It is sufficient to prove the statement for
groups " that contain no elements of finite order. To prove the statement we
assume that there exist infinitely many I'-invariant transversal coverings 7 of
B and derive a contradiction. Let ¢ : B — B/T" be the quotient map. For
each I'-invariant transversal covering T the set {¢(b) | B € T} consists of a
finite number of subgraphs of B/T". For b, b’ € T such that ¢(b) # ¢(b’),
the intersection ¢(b)Ng(b’) contains no edges. In particular, there exist only
a finite number of distinct sets of subgraphs {¢(b) | b € T} that can occur.
Therefore at least one such set is the image of infinitely many I'-invariant
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transversal coverings. Moreover, since this set is the image of infinitely many
coverings T, at least one of the graphs ¢(b) in this set must be the image of
infinitely many different buildings b;, i € I.

Since the group Hy,, NI' C Hp, is non-empty, there exist elements v; €
Hy, NT and vertices v; € b such that dg(vy,vi(v;)) = min{ds(y(v),v) | v €
I'N Hy,,v € b;} :=d;. We fix such an element v; € I' N Hy, for each i € I.
The element ~; stabilises a unique anisotropic point in P*(L). Since this is
the point zp,, the element 7; determines the building b; and the group Hy,.
The image ¢([vi,7i(v;)]) C ¢(b) is a closed path that uniquely determines
the building b;. Since there are infinitely many distinct buildings b; with
o(b;) = ¢(b), there are infinitely many such closed paths contained in ¢(b).
Therefore there must be such paths that traverse an edge e € ¢(b) multiple
times.

For the building b; corresponding to such a closed path, there exists edges
e1,e; € b, such that p(e;) = ¢(ey) = e and dg(ey, e2) < d;. Therefore there
exists an element v € I' — I' N Hy, such that v(e;) = v(ez). Hence the
buildings v(b;) and b; are distinct and have an edge in common. Since the
buildings v(b;) and b; are contained in a transversal covering, this cannot
be. From this statement (ii) follows. O

3.11 Definition. Let I' C PU(3, L) be a discrete co-compact subgroup. Let
Tr be a I'-invariant almost complete transversal covering. The covering Tr
is called I'-adapted if every edge e € B such that I's # id is contained in a
building b € 7Tr.

Let T be a I'-invariant transversal covering that is not I'-adapted. Then
there exists a subgroup I" C I' of finite index that does not contain any
elements of finite order that preserve an edge not contained in |7] := U{b €
T}. In particular, the covering T is ["-adapted.

3.12 Remark. Not all discrete co-compact subgroups I' C PU(3, L) pre-
serve a transveral covering of B. Indeed, if the stabiliser I'y, C I" of a hy-
perspecial vertex vy does not preserve a transversal covering of the PU (3, {)-
building (k(vy), then the group I" does not preserve any transversal covering
T of B. By remark 2.4 this is the case if I'y, contains a cyclic group Cy2_g41.
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4 Arithmetic groups

We consider arithmetic discrete co-compact subgroups of PU(8, L). Over a
field of positive characteristic every unitary form of rank > 2 represents 0.
Therefore arithmetic discrete co-compact groups only exist if char(K) = 0.

We prove that almost all arithmetic groups I' preserve an almost complete
transversal covering of the building B. We give some examples of arithmetic
discrete co-compact subgroups I' C PU(3, L) that admit an almost complete
transversal covering of B.

4.1. Arithmetic groups. Let X be a totally real Galois extension of Q and
let £ be a totally imaginary quadratic Galois extension of X. In particular,
£ is a CM-field. Let p be a prime ideal of X that is inert in the extension
LDOXK.

Let hg be a positive definite hermitian form on £3. Let m > 0 be an integer
such that the ideal p™ is a principal ideal. Let sp € p™ be a generator of the
principal ideal p™.

Let Og and O denote the ring of integers of the field X and £, respec-
tively. Let A C £3 be an integer hermitian lattice. Let G be the algebraic
group defined over Oy that preserves the lattice A and the hermitian form
ho.

Let Ky and Ly denote the completion of X and £, respectively, w.r.t. the
ideal p

Then Ga(Og[1/sp]) is a discrete co-compact subgroup of the group PU(3, £p).
Note that the group does not depend on the choice of the generator sp. T his
is the type of arithmetic groups we consider.

4.2. The special genus. Let Val(X) denote the set of valuations of X.
For v € Val(X) we denote by X, the completion of X w.r.t. v. We put
L, =LRXK,.

If the valuation is archimedean, then X, = R and £, = C, since £ is an
imaginary quadratic extension of a totally real field X. If v corresponds to
an inert or ramified prime ideal in the extension £ D K, then £, is equal to
to the completion with respect to v. If the prime ideal corresponding to v
splits, then £, is equal to the product of the completions of £ w.r.t. the two
primes into which the prime ideal corresponding to v splits.

Let V be the vector space V := £3 equiped with the positive hermitian
form hg. For the convenience of the reader, we recall the definition of the
special genus gen®(A) of A (See [S] definition 1.7):
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gen®(A) = {A' | (g € U(V,hy)) Y(v € Val(X)) I(h € SU(V & K,,ho)) A ®
Ox, = g(h(A' © Og,))}

4.3 Proposition. Let p [ disc(A). For a vertex v of type 0 of the building
of the group PU(S’,Lp) we denote by M, the OLp -module corresponding to

the vertex.

i) The lattices Ay = A[%] (M, are contained in gen®(A) and a repre-

sentative of every isomorphism class of lattices in gen®(A) occurs as a
lattice Ay for some hyperspecial vertex v of the building..

ii) The arithmetic group GA(OL[é]) has fgen®(A\) orbits on hyperspecial

vertices in B.

Proof. In [S] the lattices A" € gen®(A) are studied using the neighbourhood
method. In particular, the definition of the neighbourhood of a lattice A
(See [S] definitions 2.1 and 2.3) w.r.t. the prime ideal p C £ is such that
the lattices in the neighbourhood are exactly the integer lattices A[%] N M,

that correspond to the hyperspecial vertices v € B.

The isomorphism classes of the lattices in the neighbourhood of the lattice
A w.r.t. the prime p are exactly the isomorphism classes of lattices in gen°(A)
(See [S] theorem 2.10 and the remarks following it).

This shows that statement (i) of the proposition holds. The second state-
ment of the proposition follows directly from statement (i). O

4.4. Minimum norm vectors. Let Ngc/g : X — Q be the norm
map of the field X into the field of rational numbers Q. For a hermi-
tian lattice A we denote the minimum norm of a non-zero vector in A by
min(A) == min({ Ngc ;g (ho(z,x)) | * € A,z # 0}). Let mazmin(gen®(A)) :=
mazx({min(A") | A" € gen°(A)}) denote the norm of the longest minimum
norm vector of the lattices contained in the special genus of A. If X = Q,
then the norm map Ny is the identity map.

For any finite set X := {[a;] | a; € A,i = 1,...,s} C [A] we define
Nar(X) as follows: Na(X) := {min({ Ny ,q(ho(z, 7)) | z € N, [z] = [a]}) |
la] € X}

4.5 Proposition. Let A’ € gen°(A) be an integer lattice and let x,y € N
be two mon-zero vectors such that y # X\ -x for X\ € £*. Let us consider
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the inert prime ideals p such that ho(z,x), ho(y,y) € Og — pOyc. Then the
PU(2, Lp)-buildings b, and by, belonging to the stabilisers in PU(&LP) of
the points x and y,repectively, intersect transversally for all but finitely many
choices of the prime ideal p.

Proof. Let us fix vectors x,y € A’ as in the statement of the proposition.
Let p C X be a prime ideal that is inert in the extension £ D X and such
that ho(z,z),ho(y,y) € Ox — pOg.. Then the stabilisers of the vectors
z,y € N CVin PU(3,Lp) contain groups PU(2,Lp).

The O -lattice A’ is the lattice A’ = A[%] (M, = A, for some hyper-

special vertex v € B. Here M, is the £5-module corresponding to the vertex

v. Therefore the intersection b, (b, of the PU(2, Lp)-buildings b, and b,
contains the vertex v € B such that A, = A’

Since the hermitian form hy is positive definite on V' = £3, the inequality
ho(z, x)ho(y,y) — ho(x,y)ho(y, x) > 0 holds. Here equality holds if and only
if x = Xy for some A € £*. Therefore ho(x,z)ho(y,y) — ho(z,y)ho(y,z) > 0
must hold.

Hence for at most finitely many prime ideals p the equality ho(z, z)ho(y, y)—
ho(x,y)ho(y,z) = 0 mod p holds. Using lemma 2.7 (iii), it follows that for
all but finitely many choices of the inert prime ideal p the buildings b, and
b, intersect transversally. O

4.6 Lemma. Let A’ € gen°(A) be an integer lattice and let Gp(Oy) be the
automorphism group of N'. Let Apn be the set Ay = {la] | a € A, I(g €
Ga(O)\{1}) g(a) = aNgl,. = 1}. Then the following holds for almost all
wmert primes p:

if © € N such that h(z,z) =0 mod p, then (g € Ga(Og) \ {1}) [g(x)] =
[Z’] = 3((1 € AA/) rla.

Proof. Let us consider the set Zpn = {[z] € [A'] | I(g € Ga(Op)) [9(2)] =
(2] AB(a € Ap) alz}. One easily verifies that the set Zy is finite. Therefore
there exist only finitely many inert primes p C £ such that there exists an
element x € Zy with ho(z,2) =0 mod p. This proves the lemma. O

4.7 Definition. Let vp denote the additive valuation on X or £ w.r.t. the
prime ideal p, normalised such that vy (JCp —{0}) = Z. For a vector z €

A[%], x # 0 such that vy (ho(z, x)) € 2Z, we denote the PU(2, Lp)-building

belonging to the stabiliser in PU(J,Lp) of z by b,. Let & C A[;-] be a

1
P
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set of vectors = such that vp(ho(z,x)) € 2Z. Then we define Ts by Ts :=
{b, |z € S}.

4.8 Theorem. Let R > mazmin(gen®(A)) be an integer. For a prime ideal
p C X that is inert in the extension £ D X, we denote by Sp C A[Z-] the

subset of non-zero vectors such that ho(z,z) € Oy and Noc g(ho(z, 7)) < R.
Let us consider the inert prime ideals p such that ho(z,z) & pOy for all
HARS Sp.

i) Then for all but finitely many choices of the prime ideal p, the set
7fgp is a Gp(Og|=])-invariant almost complete transversal covering of

PU(2,Lp)-buildings in the PU(3, Ly)-building.

i) If B > maz(mazmin(gen®(A)), Upregensa) Na(Aar)), then 7fgp is a

GA((’)L[%])—adapted almost complete transversal covering .

Proof. Let us first consider pairs of vectors x,y € Sp that are contained in
a fixed Op-lattice A’ € gen®(A). Modulo units of O there are only finitely
many such vectors. By prop. 4.5 above, for all but finitely many choices of
the prime ideal p the stabilisers of vectors  and y with z # A -y, A € £*
give rise to PU(2, Lp)—buildings b, and b, that intersect transversally.

The special genus gen®(A) contains only finitely many isomorphism classes
of O -lattices A’. For each isomorphism class of lattices, we only have to ex-
clude finitely many prime ideals p. Hence for all but finitely many inert prime
ideals p all the PU(2, £p)-buildings contained in ’7};]J intersect transversally.

LI
is contained in gen°(A). Since R > mazmin(gen°(A), the lattice Ay contains

at least one non-zero vector x € Sp. In particular, the vertex v is contained in
the PU(2,£Lp)-building b, € 7fgp. Therefore 7fgp is a GMOd%])—invariant

Every hyperspecial vertex v € B is such that the lattice Ay := A

almost complete transversal covering of PU (Q,Lp)—buildings. This proves
statement (i).

Let us now prove statement (ii). Let us fix a prime ideal p C £. Let v/ € B
be a hyperspecial vertex and let A, € gen°(A) be the £°-lattice contained in
M, . Tt follows from lemma 4.6 that the buildings by, for [a] € A, contain
all the edges e 5 v with non-trivial stabiliser in G (O L[%]) for almost all

primes. Now statement (ii) follows from statement (i). O
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4.9 Example. Let X := Q and let £ := Q(v/d) be an imaginary quadratic
extension of X with d € Z_o square-free. We take A = O% in £3 with the
standard hermitian form ho(x,y) = xo¥o + 2171 + 2272. Let p be a prime that
is inert in the extension £ D X.

The unimodular hermitian lattices A are well-studied for small values of
d. For d = —1,—2,—3, —11 each lattice in the special genus gen°(A) contains
minimum norm vectors of length 1. The number of non-isomorphic lattices
in gen°(A) equals 1 if d = —1,—3 and fgen°(A) = 2 if d = —2, —11 (See [9]
table 1 and [H] table 1).

Let S, :={z € A | ho(z,z) = p*",n € Zso}. Then Tg, is an GA(OL[%])—
invariant almost complete transversal covering of PU (2, Lp)—buildings.

In general, the transversal covering is not complete. The only exception
occurs, when p = 2 and d = —3. Then the number of non-hyperspecial
vertices v that are neighbours of a fixed hyperspecial vertex vy equals 23+1 =
9. Furthermore, the vertex vq is contained in three PU(2,Z£p)-buildings
b € 8, and hence all the 9 vertices that are neighbours of v are contained in
a building b € Ts. Since the group Gx(O[1]) acts transitively on vertices
of type 0, it follows that 7s, is complete.

4.10 Remark. The positive definite lattices with class numbers one and two
have been determined in [Ki] theorem 8.3.2. There are 37 distinct lattices
with class number one. Hence there are 37 distinct arithmetic groups (upto
commensurability) that act transitively on the hyperspecial vertices v € B.

5 An equivariant étale covering of the p-adic
upper half plane

A detailed description of a certain étale covering of the p-adic upper half
plane € is given. Instead of considering the group SL(2, K) acting on Pk,
we consider the isomorphic group SU(2, L) acting on P} preserving a unitary
form hy. Then €; C P} is obtained by omitting the L-valued isotropic points
from the projective line.

The finite covering ¥ of the p-adic upper half plane ; := P} — {z €
PY(L) | ho(x,x) = 0} is constructed by glueing affinoids. We give a pure
affinoid covering of the rigid analytic variety > and define an action of the
group SU(2, L) on it. The covering ¥ — € is SU(2, L)-equivariant finite
étale of degree q + 1.

20



5.1. The building. Let us define the building b of SU(2,L) (and of
PU(2, L)) using equivalence classes of L°-modules in L? equiped with the
unitary form hy. All equivalence classes of L°-modules in L? give the building
of SL(2, L). The building of the group SU(2, L) is now given by the equiva-
lence classes of L°-modules that have a basis consisting of isotropic vectors.
Let e1, e, € L? be two isotropic vectors, such that the unitary form is given
by ho(x,y) = 117y + 227,. Let My =< e1,e3 > and let M} =< ey, 7 tey >.
Then the vertices of the building of SU(2, L) are the SU(2, L)-images of the
equivalence classes [My] and [M;]. The edges of the building are give by the
images of {[M], [M;]}.

Each L°-module is equiped with a unitary form coming from the form h..
On M, the unitary form is non-degenerated, whereas on M, it is degenerated.

Let MY be the dual module MY = {x € L? | V(y € M) hy(x,y) € L°}.
Then My = My and M = wM;. The vertices of the building of SU(2, L)
are precisely the equivalence classes of L°-modules [M] such that [M"] = [M]
holds. Hence the SU(2, L)-building can be seen as the set of points fixed by
an involution acting on the building of the group SL(2, L).

On the building b an SU(2, L)-equivariant distance function dy(—, —)
exists. We normalise it such that dy(v,v’) = 1 for vertices v, v’ that form
an edge in the building.

5.2. The p-adic upper half plane. Let b denote the building of SU(2, L).
We briefly recall the standard pure affinoid covering of €2;. To the standard
edge ey € b we associate the affinoid space Xg)l C )y given by:

1> 2] > ], |2 = =1, |52 —c| =1, Ve € (L°)" such that ¢ +¢ = 0.
To the vertices vy and vy of the edge ey € b we associate the open affinoid
subspaces X3t and X' of XZ' given by: 2] = 1 and | %] = 1, respectively.
Let A(X$H) and A(XSH) denote the affinoid algebras corresponding to the
affinoid spaces X' and X, respectively.

One has a SU(2, L)-equivariant map 1 : Q; — b. For z € Xg)l one puts
Y(x) == (1—v($)) - vo+v(3) - vi. Since |gwx =1,i=1,2 forall z € X
and all g € P,,, this map does not depend on the choice of the coordinates
x;, © = 1,2. Let o € Q) be a point. There exists an element g € SU(2, L)
such that g(z) € X', In this situation we put ¢ (z) = ¢~ (¢/(g(z))). Then
the function v is well-defined and SU(2, L)-equivariant.

5.3. Galois action. The analytical variety {2, is defined over the field L.
Therefore the Galois group Gal(L/K) acts on §;. To make the Galois action
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explicit, we embed ; into a product of two projective lines. Let P} x P} be
the product of two projective lines with coordinates (z1, x2) and (z1, 22),
respectively. On it we take a quadratic form z1z5 + x221. The action of the
group SU(2,L) is such that it preserves the quadratic form. An element
g € SU(2, L) that acts on the coordinates z; through a two by two matrix
M(g), acts on the coordinates z; through the matrix M (g), obtained by
replacing each coefficient m; ; of the matrix M(g) by the Galois conjugate
mi ;.

Let 2; be contained in the projective line P! defined by x129 + 222, = 0.
The interchange of the coordinates z; and z;, ¢ = 1,2 is a combination of
the action of the non-trivial element of the Galois group Gal(L/K) and the
diagonal element diag(1,—1). Therefore (x1,25) and (Z7, —%3) denote the
same point of ;. One can also use the coordinates z;, ¢ = 1,2 on {2y, to
define a SU(2, L)-equivariant map ¥" : Q7 — b. Of course, 1" ((21, 22)) =
((zq,x2)), if (21, 22) and (21, x2) denote the same point in €.

Let g, € GU(2, L) be an element that permutes the two vertices of the
building that are contained in the edge e;. We can choose the element ge, in
such a way that gg 7L = —7** holds. Without changing the action of g, on
the points in {21, we can redefine the action on coordinates as being given by
(x1,22) = (m22,21) and (z1, 22) — (mxa, 7). The action of the element g,
now incorporates the action on €2y of the non-trivial element of the Galois
group Gal(L/K).

An element g € GU(2, L) such that v(det(g)) = 1 mod 27Z acts as a
Galois element through permutation of the x; and z; coordinates on ;.
Indeed, one uses the fact that g = h - ge, with v(det(h)) =0 mod 2Z.

5.4. The étale covering. We define a covering of degree ¢+1 of the affinoids
X& X3 C . Let fo, € A(XE) be the following function: fe,(z) =
o % The element go, € GU(2, L) that permutes the two vertices
contained in the edge g acts on fe, as g5 fe, = =7/ fe,- Let he, be a g+ 1-th
root of the function — fe, and let 2y be a g+ 1-th root of the function 7/ fe,.
By Ay, we denote the affinoid algebra Ay := A(X) < he,, m/hZ >=
A(XSY) < he, >. Let XZ := sp(Asy) be the affinoid space belonging to the
affinoid algebra Ay, =: A(XZ2). The affinoid space X2 is defined over the
field L.

Using the function hg instead of he,, one can define the affinoid algebra

AY = AXE) < kYl >. The affinoid spaces X2 = sp(As) and sp(AY,)
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define the same covering of ngol, but the covering is defined differently over
the field L. They become identical over the field L with a ¢ + 1-th root of 7
added. )

Let wa+T denote a g + 1-th root of m. We can extend the action of the

clement ge, € GU(2, L) from A(X! ® L[r71]) to AXZ ® L{r77]). Indeed,
the action of the element go, € GU(2, L) that permutes the two vertices in
ey can be defined by g} he, = hg, = C-ﬁ#/heo. Here ¢ € L is a unit
root such that (7! = —1. Note, that Ay ® L[ﬂ'#] = A(XZ ® L[Wqul]) =
AXD @ Lira1]) < hey >= AX2 ® Llrat1]) < hY, >= A% ® L[rw1].

5.5 Lemma. The map @e, : X2 — X induced by the inclusion A(XE) C
A(XZ) has degree ¢ + 1 and is étale.

Proof. The degree of the map X, eEO — Xg)l is clear from the definition. Let us
look at the points of ramification. For convenience we will work over the field
extension L[?T‘Y%]. The function fe, has absolute value 1 outside the affinoid
subspaces X' ® L[ﬂ'ﬁ] and X ® L[ﬂ"l%] of X' @ L[mﬁ]. Moreover,
the element g, € GU(2, L), that permutes the vertices vy and vy, also
permutes the ramification points of the map X2 ® L[ﬂ"ﬁ%l] — X ® L[ﬂ"ﬁ%].
Hence it is sufficient to look at the ramification points of X3, ® L[?T‘J%] —
XP ® L[W#]. Clearly, fe,(z) = 0 can only occur for z € X ® L[W#],
it 1+ (;”;—;)‘1_1 = 0. Solving this equation over the residue field, gives the
isotropic points a € ¢*. Since the f-valued isotropic points do not occur in
the reduction of X$' ® L[W#], the map is étale. This proves the lemma. [

5.6 Lemma. Let P, C SU(2, L) be the stabiliser of the edge ey € b and let
g € Pe,. Then the following holds:
i) There exists a function Co4(x) € A(XY) such that g* fe,(x) = (F22-)7F.

g*x2

Cog(T) - feo(x). Moreover, Co4(x) =1 mod 7 if 1 > |21 > |x|.

ii) There exists a function Cy 4(z) € A(XE) such that g* fe,(x) = (%)‘HL
Cig(x) - feo(x). Moreover, Ci4(x) =1 mod 7 if 1 > [TL] > |x|.

. q + q
Proof. We can write fe,(z) = xglﬂ - +921_$7%§ )1(922_1). Furthermore, Cy,(z) =
g et g feo (@)
ngrlfeo(x)
to show that Cog(x) =1 mod 7 for 1 > 2L > |7|.

satisfies the first part of statement (i) of the lemma. It remains
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. *x *$q+ *wq *p
Since |™22| < 1, Cy (x) = L7299 22 mod 1 holds. Any element
1 ’ g T1x2+T1T,

g € Po, C SU(2,L) preserves the hermitian form hq(z,y) = 2193 + 2277,
therefore g*z19*23 + g*2{g* w2 = x{x2 + 2125 mod 7 for |71[ = 1. Moreover,
*xlgtma _
x'{x2+x1xg =

1 mod 7 for 1 > |21 > [r|. This proves statement (i) of the lemma.
The proof of statement (ii) of the lemma is similar. One uses the equality

2t ()Y :
foolz) = =5 [ @y Ferey oo and the fact that the reduction of the

hermitian form gZ hs at the vertex v’ equals 2{(—mz3) 4+ x1(—m2)? modulo
.

g;ﬁ = 2% =1 mod 7 if 1 > |Z| > |r|. Hence Cy,(z) = g’y ity
1 T2 x2 )

]

5.7. The group action. Using the lemma above one can define the action
of P, on A(XZ). There exist functions co4(x) and ¢ 4(z) well-defined on
the open admissable subsets 1 > |71 > |r| and 1 > [£L] > [x] of X,
respectively, such that ¢; 4(2)1 = C; 4(z) and ¢; 4(x) = 1 mod 7 for i = 1, 2.
Then the action of g € P, on he, is defined as follows:

9 heo (1) = J525 - Cog(®) - ey () if 1 2> [T > |7,

grx2

*

g heo (2) = 3 - €19(2) - Doy () I 1> [T =[],

z1

Since ([F2-)71 - Cyy(z) = (9:%)qu1 - C14(z) and g:% = % = 1mod 7
for 1 > |2t[ > [, these actions coincide when they are both defined. Since
91(95 feo (1)) = (9192)* fo, (), it follows from the definition that g7 (g5he,(x)) =

(9192)"hey ().

Moreover, the first formula also defines the action of g € Py, on A(XZ),
since statement (i) of the lemma above still holds in this case. Similarly, the
second formula defines the action of g € P, on A(XZ).

5.8 Theorem. (a) The affinoid spaces XZ, XZ for vertices v. € b and
edges e € b glue together and form a pure affinoid covering of a sepa-
rated analytical space 3.

(b) The map ¢ : ¥ — i obtained by glueing the maps e is SU(2, L)-
equivariant and has degree q + 1.

(c) The map ¢ : ¥ — Q4 is étale.
(d) Then the reduction of ¥ is as follows:
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1. For each vertex of the building b curves isomorphic to the plane
hermitian projective curve given by xl™ + 2l + 292y = 0 in P2,
This curve is non-singular.

2. The components belonging to two vertices vy and vy of the building
b intersect in a (-valued point if and only if the two vertices form
an edge e of the building.

(e) The reduction of 3 is stable over L(W#).

Proof. That the affinoids XZ for edges e € b glue together and form some
rigid analytic space X is clear. The only point of concern is the separatedness
of the resulting analytical space 2. However, from the fact that we have maps
Ve : XZ — X that coincide on X for all edges e 3 v the separatedness
follows. This proves statement (a).

Statements (b) and (c) of the theorem are clear from the construction of
the maps 2 : X2 — X' and lemma 5.5 above.

So let us now prove statement (d) of the theorem. First we consider
the reduction of the affinoid XZ. We only have to consider the component
corresponding to the vertex v. The other component is isomorphic to it,
since the element go € GU(2, L) defined above permutes the vertices in e

and preserves A(X> ® L[?qull]) The generators of the affine (-algebra giving
the component for the vertex v are he(x) and and satisfy the equation

Ty
2
mq+l =—I gq. Furthermore, % # a for isotropic a € ¢ — {0}, since
the (-valued isotropic points are omitted.

Let us now compare this affine algebra with an open affine subset of the
curve C C P? given by the equation 4™ 4 2128 + 292, = 0. Taking x5 # 0,
we obtain the equation %21‘”1 + 2+ i—;q = 0. Removing the isotropic points
20 # afor a € £ — {0} results in an affine subset A C C isomorphic to the
component of the reduction of the affinoid space X belonging to the vertex
v 3 e. The group SU(2,¢) acts on P? fixing the point xy. This action of
SU(2,¢) preserves the curve C C P7. The affine sets g(A) for g € SU(2,¢)
cover the curve C.

Let P, C SU(2,L) denote the stabilizer of the vertex v € b. Then
the component of the reduction of ng(e) ® L[mTll] belonging to the vertex
v corresponds to the affine space g(A), where g € SU(2,¢) denotes the
reduction of g € P,. Hence the component of the reduction of ¥ belonging

to the vertex v is indeed a curve C as stated in the theorem.
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A calculation of the partial derivatives shows that the curve C is non-
singular. n

5.9. Embedding the affinoid X into a projective plane. Let us embed
the affinoid space X= into P2. Let z;, i = 0,1,2 be the coordinates of P2
and let xy = 0 define a projective line P} inside the PZ. We take the usual
unitary form z175 + x27; on the projective line P}. It is preserved by a
group SU(2, L) acting on the projective line. Then ; C P} is obtained by
removing the L-valued isotropic points. The affinoid X, g)l C €y consists of the
points (0, x1, x2) such that 1 > || > [r| with the non-zero {-valued isotropic
points removed from the reduction of the affinoid space. An embedding of the
affinoid space X2 can now be obtained by taking the points € P2 such that

1+(Z0) !
(0,21,22) € ng and, moreover, (i_g)qﬂ = —feo((z1,22)) = _%H(}rﬁ
z

Therefore £° represents the function he, (21, 22)).

Let us use a second projective plane P? with coordinates z;, i = 1,2,3
to obtain the alternative embedding X2 into P} based on the function hY, .
We relate the two projective planes using the relation x129 + 292y = 0. This
identifies the two projective lines P} given by zo = 0 and by zy = 0, respec-
tively. The action of the group SU(2, L) on the P} using the coordinates
xr1,%y and zq, 29 differs by the action of a generator of the Galois group
Gal(L/K). Now we can describe the embedding of the affinoid space X
using the coordinates z;, © = 0,1,2. A straightforward approach would be
to use equation (2)" = 7/ fo,((21, 22)) to define the embedding of the affi-
noid space X, but then the action of the element go, would not be defined
over L. To avoid this, we use the equation 7 - ()9 = 7/ f, ((21,22)) in-

22

stead. Then X' consists of the points z € P} such that (0,21, 22) € X&' and
(27 = 1 (21, )

We can now define an action of the element g, € GU(2, L) that per-
mutes the two projective planes as follows: ge,(z) = 2z = (12, —x2, T21)
and ge,(2) = x = (222, —29,m21). This is well-defined, once the coordinate
lines z; = 0 and z; = 0, ¢ = 0,1,2 are removed from the two projective
planes. Then ggo acts as ggo = —7 - id. on both projective planes (with the
coordinate lines removed). For a point z € XZ, the image z = ge, () satis-

2 Tr1x x —feq (%)
fes: (2)141 = (553 0)) ™! = (25)7 = (Fyret = (gl =

)21, Hence ge, () is contained in the other embedding of the affi-

1
(feo((Z1aZ2))
noid X=. Therefore both embeddings of the affinoid space X2 are permuted

by the element ge, € GU(2, L).
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Since the affinoid XZ can be embedded into the projective plane and the
components of the reduction of 3 consist of plane projective curves, one can
embed the complete affinoid covering of ¥ in the plane. However, in general
such an embedding does not have a group action on it that extends to the
entire projective plane.

5.10. Open admissable subspaces. For later use some open admissable
subspaces of ¥ are defined. For a vertex v € b we define the subspace
Yy = {x € ¥ | dp(¢(p(x)),v) < 1}. For an edge e € b we take X, :=
Nvee 2v = {z € X [ Y(p(x)) € e, Y(p(x)) # v for vertices v € e}.

The group action on the affinoid X2 is defined by giving an explicit
group action on X2 () X,, where v € e is the vertex of type 7(v) = 0 and
on XXX, where v/ € e is the vertex of type 7(v’) = 1 that coincides on
the intersection o = X2 Xy Xy. In the next sections we will embed
UVeb’T(V):O Yy and Uvebﬁ(v):1 Yy into projective planes such that a discrete
subgroup of the group PU(2, L) acts linearly on it.

5.11 Proposition. The subsets ¥, and Yo with v,e € b are open and ad-
missable subsets of .. The covering {3y, %Xe | v,e € b} is an open admissable
covering of 3.

Proof. We will only prove that X, is open and admissable for a vertex v of
type 7(v) = 0. The other cases are similar.

The space ¥, equals the finite union Xy = (Jo, Bv N XZ = Ugso{z €
XZ | dy((p(x)),v) < 1}. Without loss of generality, we may assume that v
is the standard vertex vy. Let ey 3 v be the standard edge. Then x € Xez0
satisfies 1 > [£1[ > |r|. The subset Xy, N X2 C X2 consists of the points
x € Xg such that |[Z22| < 1 holds. Therefore by [B-G-R] §9.1.4 prop. 5.
the subset Xy, N XeEO - XeEO is open and admissable. Moreover, the finite
union Yy, = Uesy, Zvo N Ze of open admissable subsets is again open and
admissable.

The intersection ¥, N Xy = e if v # v/ € e. Since the subset ¥, C X,
with v € e is open and admissable and a vertex v is contained in only finitely
many edges e, the covering {¥,, % | v,e € b} is an admissable covering of
Y. O

5.12 Comparison. Relation with Drinfel’ds system of étale coverings. In
[Dr] Drinfel’d has defined a system of étale coverings of ; ¢ := Pk —P!(K).

The first level Z%_l) of this system of coverings consists of ¢ — 1 connected
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components that are all isomorphic (See [Te] and [P] theorem 8.4). The
reduction of a connected component of this first level consists of hermitian
curves. Over the ring Z" the following equation for 2%71) around a vertex
in affine coordinates is derived : 3/0”2_1 = p(z0 — 25)P~1 (See [Te] cor. 6).
The constant factor p matters for a definition over K° and is irrelevant
for our construction. In a semistable model the constant factor is absorbed

in the coordinates. In [P] theorem 8.4 such a semistable model of E%il)

over the field L((—m)«-1 = ), m = p is described. We will now describe how a
connected component of this semistable model is related to our space X..

Let us first construct a curve Xy over the field K, such that Xy @ L = 3.
To define an affinoid X2« for the edge ey € b, one considers fe,(z) =

—(Z1y(q¢—1) ~ ~

o %{2)((11) Let Do, (2)7! = — fe, (). Here 72 € Qy i, 1> |32 > |7,
Then the affinoids X7« for the edges e € b glue together into a rigid analytic
variety X that is an étale covering of 2y x of degree ¢ + 1. The methods
used above to define the group action on > and describe the reduction of X
are also applicable in this case.

One can construct the isomorphism X x® L = ¥ explicitly. Let ¢ : O g ®
L — € be the isomorphism given by ¢¢((z1,22)) = (21, &x2), with £ € L°,
£971 = —1. Then @e.fe, = f’f;g Let 3 € L° be such that 397! = £. Then we
define ¢, he, = ﬁﬁeo and obtain an isomorphism between the affinoids X
and XEOK ® L that is defined over the unramified extension L' D K of degree
four. This isomorphism only depends on the choice of £. It does not depend
on the value of 3 choosen.

The reduction at a vertex is a curve ‘H_, defined by the equation :ESH +

7128 — zox? = 0. In this case (22: )t = 75}“:0(1)' This gives rise to the

same hermitian curve H_; as reduction at the other type of vertices.

The above gives an isomorphism over some extension L' D L. The next
step is to enlarge the field and take different generators of the affinoid algebras
and use these to construct an isomorphism.

Let (. € L° be a unit root such that its reduction equals ¢ € . Let L” D L
be an unramified extension that contains an element [, suclh that B9t = (..

Then we define (e, (z))™ = —lffeo(x) and € (z) =¢ - ’th’j In particular,

ew(
€ul@) = Befhe, (@) = €Mty =~ i =

e (x)=p- 16‘”:;1 (Need to take f7 instead of 3 in €/, (z)777)

w

IIV

f()and

28



The isomorphism ¢, is now given by:
(22, 8. - hey (), E871 - 22=) — (€2, eu(2),€,(x)). On both sides of the

heg (2) Tw

arrows there are generators of the affinoid algebra over the field L” (7‘("1%)
These generators can be used to define the analytic variety over the field L.

By construction the group SL(2, K) acts on these varieties and each va-
riety is after a base change isomorphic to ¥ ® L” (WQ%) It seems the group
GL(2,K) in general does not act on these varieties. If K = Q,, then there
seem to be only p — 1 varieties on which the group GL(2,Q,) acts (See [P]
lemma 7.4 and proposition 7.5). These p — 1 varieties correspond to the
connected components of Z%_l).

6 Equivariant embeddings into the projective
plane

Let I'y € P(U(1,L) x U(2,L)) be a discrete co-compact subgroup. Let P
and P be two projective planes P2 on which the group P(U(1,L) x U(2, L))
acts linearly such that it fixes a single point. The action of P(U(1, L) x U(2, L))
on P and PV differs by conjugation with the non-trivial element of the Galois
group Gal(L/K).

We embed the open admissable subspaces ¥, C X, v € b with 7(v) =0
into P and the subspaces ¥, with 7(v) = 1 into PV. These embeddings are
defined using infinite I'p-invariant sums that converge on 2;. The embed-
dings therefore explicitly use the fact that ¥ is a covering of ;. Moreover,
the embeddings are I'p-equivariant. The spaces ¥y, v € b are glued along
the spaces X for edges e € b to obtain the analytic space X.

6.1 An equivariant embedding

6.1. Infinite sums on Q. Let 'y, C P(U(1,L) x U(2, L)) be a discrete co-
compact subgroup. Let the group I'y, act on €2; through the projection onto
the group U(2,L). We define the I'p-invariant infinite sums converging on
), that can be used to obtain a I',-equivariant embedding of Uveb,f(v)zo >y
(Useb sy Sv) into B

Let vy € b be the vertex corresponding to the equivalence class [My,],
M,, =< eg,e1,e2 > and let vi € b be the vertex corresponding to the
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equivalence class [My, ], My, =< ey, e;,m 'es >. We associate to the vertices
Vo, V1 € b polynomials Ay, (z) and Ay, (2) of degree g+1. For points z, z €
one defines Ay, (z) 1= x12d + zoxf and Ay, (2) 1= 2z1(722)7 + (722)2. The
action of the group U(2, L) on the coordinates z; and z;, i = 1,2, differs by
conjugation with the non-trivial element of the Galois group Gal(L/K).

We associate to each vertex v € b a homogeneous polynomial ay () or
ay p(z) of degree ¢ + 1 such that the following four conditions hold:

i) If 7(v) = 0, then ayp(z) = g*Ay,(x) mod 7 for all ¢ € U(2, L) such
that g(vo) =

ii) If 7(v) = 1, then ayp(z) = g*Ay,(2) mod 7 for all g € U(2, L) such
that g(vy) =

ii) If 7(v) = ),b(T) = 7 ayp(x) for all v € [y,

)
iv) If 7(v) =1, aﬁ,(v),b(z) =v*ayp(z) for all v € I'y,.

Let F(7) := (X yepr(v)mo @v.b(2) 1) andlet 1/ (2) := (3 ep rv)=1 vb(2) )7
Below we show that these sums are well-defined for points x, z € ;.

6.2 Lemma. Let = € O be a point such that ¥(z) € A C b. Then
v(55 7 (@) = —db(gA, ¥(2)).

Proof. If ¢(z) € gA, then dp(gA,¢¥(x)) = 0 and we may assume that g €
Py(z). Then |g:_”i\ =1 for : = 1,2 and the lemma holds.

So let us now consider the case where Y(z) & gA. Let v € gA be the
vertex closest to ¢(x). Let e € A C b be the edge containing ¢ (x). Without
loss of generality, we may assume that e is our standard edge. Since V(h €
P,) h;”_“| =1, i =1,2, the absolute value of the coordinates x, x5 does not
depend on the choice of the apartment A > ¢(z). Therefore we may assume
that the vertex v is contained in A.

Let us first consider the case where the vertex v is of type 7(v) = 0. Let
[M,] be a the equivalence class of L°-modules corresponding to the vertex v.
We may assume that M, =< e, e > and after replacing the the coordinates
x; by suitable translates by an element of the maximal split torus belonging to
the apartment A, we may assume that the coordinates z;, ¢ = 1, 2, correspond
to the basis e; of P.

We normalise the coordinates of the point x such that |x;| < 1 and one of
the coordinates has absolute value equal to 1. Using this normalisation the

equality v(z122) = dp(v,?(z)) holds.
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Since the apartment g(A) is such that the vertex v € g(A) is closest to
the point ¢(x) € A, |¢g*z;| = 1 holds for i = 1,2. Therefore —v(%) =
v(x129) = dp(v,1(x)) for elements g € P, such that g(A) (A = {v}.

This proves the lemma if the vertex v is of type 7(v) = 0. The proof in
case the vertex v is of type 7(v) = 1 is similar. O

6.3 Lemma. Let v € X, C )y be a point and let v € b be a vertex. Let
A C b be an apartment containing ¥ (x) and let x1,xo be the associated
coordinates. Then:

i) If7(v) = 0 and dy (v, 1b(x)) < 1, then v( 28 7h7) = =S5 dy (v, ¥(2)).
ii) If7(v) = 0 and dy(v, 1 (x)) > 1, then =25 -dy (v, () > v( 2 h7) >
_% : db(",wl’)) + L.

i) If 7(v) = 1 and dp(v,¢Y(2)) < 1, then U(Wz;)%) = -t
dp (v, 9" (2)).

i) Ifr(v) =1 anddy(v,0V(2)) > 1, then —254dy(v,0V(2)) > o( =5 m) >
- dy (v, 9V (2)) + 1.

Proof. Let e € A C b be the edge containing ¥ (z). Without loss of general-
ity, we may assume that e is our standard edge. Since V(g € P,) |% =1,
1 = 1,2, the absolute value of the coordinates x1, xs does not dependl on the
choice of the apartment A 3 ¢ (x). Therefore we may assume that the vertex
v is contained in A.

Let us first consider the case where the vertex v is of type 7(v) = 0.
Since the characteristic of the residue field ¢ of L does not equal 2, the
homogeneous polynomial ayp(x) of degree ¢ + 1 is such that ayp(z) =
(goz19872) - (gfm1giae) - -+ (g?q_l)/legfq_l)/QxQ) mod 7 for suitably choosen
elements g; € Py, i =0,...,(¢ —1)/2. One can choose the elements g; such
that g;(A)(A = {v} fori=1,...,(¢ — 1)/2 and ¢go(A)[) A contains the
two edges e 5 v that are contained in A.

By lemma 6.2 above —uv(£2L%2) — gy (v,1(x)) for g € P, such that

r1T2

g(ANA = {v}. If p(z) € go(A), then —p(8LL2Y — (. Therefore

v((g&l‘;‘z’)‘%) = —ZL . dy(v,¥()), if ¥(z) € go(A). In particular, this
holds if dy,(v,%(z)) < 1. This proves statement (i) of the lemma.
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Statement (ii) of the lemma follows from the fact that 0 < dy(goA, ¥ (x)) <
dyp(v,¥(z)) — 1, since the apartment gyA contains the two edges e 5 v that
are contained in A 3 ¢ (z).

The proof of the statements (iii) and (iv) for the case 7(v) = 1 is similar.
[

6.4 Lemma. The following statements hold:

i) The sums 3 ep 7 (vy=o Ovb(T) " and 3y, )=y Gvp(2) ! converge on

Q.

it) The sum Y ey, - (v)= 0@y ()71 has only zeroes at points x € 0y such
that (x) is a vertez v of type T(v) = 1.

ii1) The sum ZvebT ) Lavb(2)7! has only zeroes at points z € Oy such
that ¥V (z) is a verter v of type T(v) = 0.

Proof. From lemma 6.3 it follows that ay p(z)™' — 0, if dp(v, ¥ (z)) — 0.
Since there are only finitely many vertices v € b, such that dy(v,¥(z)) < R
for any finite R € R, it follows that the first sum converges on all of €.
The argument for the second sum is similar. This proves statement (i) of the
lemma.

A zero of the sums can only occur, if more than one polynomial ay ()
obtains the minimal absolute value of such polynomials on x. Hence more
than one vertex v should obtain the minimum distance to the point ¢(z) € b.
This can only occur if ¢(z) is a vertex such that the type 7(v) is distinct
from the type of the vertices used to define the sums. This proves the second
statement of the lemma.

The third statement of the lemma is proved analogously. This concludes
the proof of the lemma. n

6.5. The spaces Y;’ and Y'. Let us take a projective space P} with
homogeneous coordinates (zg, x1, 2, 20, 21, 22) With a quadratic form xyzo +
T129 + Tozp on it. In ]P"z one has two projective planes IP’%, one defined by
20 = z1 = 23 = 0 and one defined by 2o = x1 = 3 = 0. Then (¢, 1, z2) and
(20, 21, 22) are the homogeneous coordinates on these two distinct projective
planes P2. Let us denote these projective planes by P and PV respectively.
Let the unitary group U(1, L) x U(2, L) act linearly on P3 preserving the
quadratic form, the subspaces P and PV and the points z¢ and z.
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On P and PY the group U(1, L) x U(2, L) acts linearly fixing the point
xo and zg, respectively. The group U(2, L) acts linearly on the projective
line P} given by 7y = 0 and 2z, = 0 in P and PV, respectively. The action of
U(1,L) x U(2,L) on the projective planes P and PV differs by conjugation
with the non-trivial element of the Galois group Gal(L/K).

Let us define hermitian forms h and h" preserved by U(1,L) x U(2,L)
on P and PV, respectively. Let h(x,y) = 17y + 227, + xo¥, for x,y € P and
let hY(z,u) = z1Us + 29Uy + 20T for z,u € PV, where the points y and u are
L-valued.

Let Y C P denote the space V¥ := {x € P | (z1,22) € Q1} and let
VY = {2z € PV | (21,22) € Q1 }. The spaces Y and ;3" can be described
using the hermitan forms h and hY, respectively. Indeed, Y} = {z € P =
P2 | V(y = (0,91,y2) € P?(L) such that h(y,y) = 0) h(z,y) # 0}. A similar
description holds for Y{#".

The maps v, 1" : ; — b can be extended to Y} and Y;#", respectively.
We will denote these maps by ¥y, and v,. Then 9y, : ¥} — b denotes the
map defined by ¥y (z) := ¥((z1,22)) and ¢y : V¥¥ — b denotes the map
defined by ¥y (2) := ¥V ((21, 22)).

6.6. Analytical subspaces of Y and Y;' for vertices and edges in
b. For each vertex v € b we define an analytical space %¢. The definition of
the space depends on the type 7(v) of the vertex. If 7(v) = 0, then we define
by X = {z € V¢ | dp(¥p(x),v) < 1, 28T + Fy((x1,22)) = 0}. For a
vertex v of type 7(v) = 1, we define ¥} by 3¢ 1= {z € V¥ | dp (¢ (2), V) <
1, —m- 20 4+ FY((21, 22)) = 0}.

For an edge e € b we define two spaces Y and %2V, Let ¥ := {z €
Y| p(z) € e, Yp(x) # v} C Y, where v € e is the vertex of type
7(v) = 0. Let B8 := {z € X%, | )(2) € e, ¥(2) # v} C VY, where
v’ € e is the vertex of type 7(v') = 1.

6.7 Proposition. Let v € b be a vertexr. Then X 2.

Proof. 1t is sufficient to prove the proposition for the vertices vy and vy of
type 7(v;) =4, i = 0,1 that are contained in the standard edge ey € b. We
have to show that X = %, and that X% = X, . For this it is sufficient
to show that {z € 3% | ¥p(z) € e} = {z € Xy, | (¢(z)) € e} and that
{z €2t | ¥y(z) € e} = {z €%y, | ¥W(p(2)) € ep}. Therefore we have
to show that {z € X% | ¥u(z) € eo} = XZ N Dy, and {z € X | ¢y(2) €
eo} = XEO ﬂ Evl.
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To prove statement for vertices v of type 7(v) = 0, we embed XZ into
Yy C P as the set of points such that ¢((xy,22)) € ep and (wo)q*1 =
—feo((21,2)). We consider X2 (X, therefore as being the subset {z €
X2 | du(¥((21,22)),v0) <1} = {x € Xoy | 122 < 1} of V3.

14z

Since |Z22| < 1, one has that fe,((21, 7)) = 2 - T = ()
1
mod 7. Therefore 21" = —22™ fo (21, 23)) = —a25 — 2127 mod 7 holds.

Since x{xy + 1125 = Fy((21,22)) mod 7, it follows that X2 Xy, = {z €
Y5 | Wn(2) € eo,dy(tn(),vo) < 1, a§™ + Fy((z1,25)) = 0} ={z e |
p(x) € eg}. This proves the proposition for the vertices v of type 7(v) = 0.

The statement of the proposition is proved similarly for the vertex v
of type 7(v1) = 1. One embeds X into Y C PY as the set of points
such that ¢"((z1,22)) € eg and (2)7*" = —1/f¢,((21, 22)). Since [2] < 1 on

X N%%, it follows that — - zq“ = —(z{mzg + 21(722)7) = —FY((21, 22))
mod 7 holds. From this the proposition follows. O

6.8 Proposition. Let g € SU(2, L) and let e = g(ey) € b be an edge. Then
the spaces Y, and X8 are isomorphic.

The isomorphism Zﬁ = EW 15 gwen by taking zy = 1, 23 = —Xg
and as z the unique solution of 2™ = Fb((ml’m))i‘;g(zhzz)) that satisfies
Zo = 9“;91&& mod 7. The isomorphism does not depend on the choice of

the element g€ SU(2,L) such that g(eg) = e.

Proof. The action of the group SU(2, L) on P and PY preserves the quadratic
form x129 + x921. Therefore identifying z; = x1 and 2o = —x9 on Eﬁ and Eﬁv
implies that g*z; = ¢g*x and ¢*2; = —g*x5 holds. Then 1 <

gz
kak

Once one has identified ¥ with 3£

e )

the equation zI™' = %};—(1)
holds. We use this equation to derive a relation between the coordinates
xo and 2y that can be used to obtain the isomorphism between the two

spaces. Since 1 < [£ , we have Fy((z1,22))FY ((21,22))/(—7) =

avb((ﬂﬂlaxz))av ((21722))/(—@ =

(g 219" 23 +g 129" 2]) (g 01 (—7g*22) "+ (—Tg*22) g 2]) /(—7) = (9" w197 22)"*" mod .
Therefore we can identify the coordinate z, with the unique solution of the

equation above such that zp = £29°22 m6d 7 as stated in the proposition.

This defines a bljectlon between the coordinates z;, i = 0,1,2 on Xf
and the coordinates z;, i = 0,1,2 on 2. Hence this gives an isomorphism
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between Xf and XE.

If g, € SU(2,L) are elements such that g(ey) = ¢'(eg) = e, then
% =1 mod 7 for ¢ = 1, 2. Therefore the choice of zy does not depend on
the element g € SU(2, L) used in the proposition. Hence the identification
¥f = 3% does not depend on the choice of the element g € SU(2,L). [

6.9. Identifying coordinates in P and PY. The identifications of the
coordinates z; and z;, ¢ = 1,2 using the equation x129 + 2220 = 0 can
easily be done in advance for all of P and PV. Then P and PV have the line
(0,1, 2z2) X (0,21, z2) with the equation x;z5 + 2229 = 0 in common. This
line is preserved by the action of the group U(2, L).

The resulting variety contains the blow up of PP in the point (zg,0,0) and
the blow up of P in (z,0,0). These are the points that are fixed under the
action of the group U(1,L) x U(2, L).

The exceptional line z; = x5 = 0 of the blow up of P is identified with the
ordinary line (0, z1, z2) C P¥ and the exceptional line z; = zo = 0 of the blow
up of PV is identified with the ordinary line (0, z1,22) C P by the equation
T129 + 2929 = 0. Since (70,0,0) € Yy and (20,0,0) & Y, the spaces Y;i C P
and Y3 C PV are not affected by the blow ups.

6.10 Proposition. Let e € b be an edge and let v,v' € e be the vertices of
type 7(v) = 0 and 7(v') = 1. The analytical spaces X8 C Yy and X, C YV
can be glued together by identifying the open admissable subspaces Xf C X%
and X8 C XF,. Then the image of {z € Xt | Yp(z) € et U{z € X¥, |
P (2) € e} in the resulting space is an affinoid isomorphic to XZ.

Proof. Let us define ¥f (e) := {z € X! | p(z) € e} = {z € Y | () €
e, Up(x) # vV, 2™ = —Fp((z1,2,))} € 2% C Yy, Similarly, we define ©¥, (e
as () = {z € I, | ¢y(z) € e} = {z € V¥ | dy(2) € ey(2) #
v, T2 = FY((21,2))} € B¢, € ¥¢Y. Then ¥ € 3f (e) and X8 € ¥F,(e).

In fact 3 = {z € Z(e) | 1 < |£2| < |n|} and X8 = {z € ¥, (e) | 1 <
2] < Inl}.

g*z2
g*z2

Let us glue ¥¢(e) and %¢,(e) by using the isomorphism between X
and X£. In the proof above that ¥, = %% we have already shown that

S (e) = N, N X2 and that 3¢, (e) = X, XZ. On %t = Y the equation

()t (=7) = ?E(é)) holds. In X seen as a subspace of 3, (e) ¢ %¢,, one

can multiplying the left side by 7 - z¢™" and the right side by F}Y(z). Then
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one obtains the equation z{" '+ Fy(z) = 0 that defines the space ¥ . Sim-
ilarly, in X seen as a subspace of X (e) C XF, one can use the equation

—T - (;—g)q“ l; ©) and multiply the left side by 27" and the right side by

Fy(z) to obtain the equation that defines the space 23, . Therefore the space
constructed is indeed isomorphic to the affinoid space XZ.

The covering {%f (e), ©f =2 %2, 2 (e)} is an open admissable covering of
the affinoid space isomorphic to X2 C ¥. The covering {%f, % = 3tV ¥f 1
is an open admissable covering of the space obtained by glueing 3¢ and Zf,,
along 7 = 8V, O

6.11 Theorem. Let X% := J ., 2%/ ~. Here ~ denotes the equivalence
relation obtained by applying the isomorphisms 32 =2 Y8 for all edges e € b.
Then ¥ is a well-defined rigid analytic variety and X% = X,

Proof. In prop. 6.10 above it is proved that for the vertices v,v’ € e the
spaces ¥f and EE,, can be glued by applying the isomorphism ¥f = YV
Since the spaces ¥f, are disjoint for the edges e € b, one can use all the
identifications ¥, = 3£ simultaneously to obtain a well-defined rigid analytic
variety ¥f = J, o, 2%/ ~. Since this space consists of an affinoid isomorphic
to X for each edge e in b, the space X* is isomorphic to ¥. This concludes
the proof of the theorem. O

6.12 Corollary. The following statements hold:

i) T'y acts linearly on |J
1=0,1,2.

veb (v E C Yy through the coordinates x;,

ii) Ty, acts linearly on |J (28 C YEY through the coordinates z;,

1=0,1,2.

veb,7(v)=

iit) We have a map mz,ﬁ . ¥ — b, such that w%u(x) = Yp(z) for v € 3¥
with 7(v) = 0 and ) (z) = Y(2) for z € 22 with 7(v) = 1.

Proof. The linear action of I'y, follows directly from the construction of the
spaces and the fact that the infinite sums Fy,((x1,22)) and FY((z1,22)) are
I'p-invariant.

Statement (iii) of the corollary follows directly from the fact that the
maps ¥ and ) coincide on ¥2 and £ for e € b. O
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6.2 Another equivariant embedding

In this subsection we give a different embedding of the admissable subspaces
Yy C ¥ into P = P? for the vertices v € b of type 7(v) = 0. It does not
explicitly use the fact that X is a covering of €2y. It uses explicitly the fact
that the component of the reduction of ¥ belonging to the vertex v € b is a
hermitian curve. This embedding will later be used to construct a space Y
on which discrete subgroups of PU(3, L) act with proper quotients.

6.13. Polynomials for the vertices v € b of type 7(v) = 0. For each
vertex v € b of type 7(v) = 0, we define a homogeneous polynomial b (x)
of degree ¢ + 1 for = € Y%, such that by(z) = 20" + ayp((z1,72)) mod 7.

The polynomials satisfy the following condition:
For all v € I'y and all v € b of type 7(v) = 0 one has by v)(x) = v*by ().

From now on we change the notation a little. We view the polynomials
ayp(z) and function FY(z) as defined for points z € Y{¥" and the function
Fy(x) as defined for points x € Y},

6.14 Lemma. Let v € b be a vertex of type 7(v) = 0 and let € > v be an
edge. Let A € b be an apartment that contains the edge e. Let v € X, C Y}
be a point such that Vp(z) € e. Let xg,x1,x9 be the coordinates belonging
to the apartment A. Then v(*3?) = g%} ~dp(v,Yp(7)) and 1 > [222] >
0 0
|7|@= D/ Moreover, |222| = 1 if and only if ¥y (x) is the vertex v of type
0

T(v) =0 ’

Proof. Let v € A be the vertex of type 7(v) = 0 closest to (z). Then

Fb((xl,a?)) = ayp((21,72)) mod 7 and |28 = |ayp((@1,22))|. Hence

v(—( g )= v(—av‘b((ml’m))) = —1 . dy(v, ¢p(x)) by lemma 6.3(i) above.

gjlq,’Q)(CH’l)/Q (;1;11'2)(4+1)/2

Therefore v(205) = —451 - dy (v, p(2)). Since 0 < di(v, ¥p(z)) < 1 the

(z122)
second statement follows. Moreover, if and only if dy,(v,¥p(z)) = 0 does

|2122| = 1 hold. m
0

6.15. Analytical subspaces of Y} and Y3 for vertices and edges in
b. Let v € b be a vertex of type 7(v). If 7(v) = 0, then we take ¥ :=
{x € V¢ | dp(¢p(x),v) < 1, by(x) = 0}. If 7(v) = 1, then B p, := X, C YV,

For edges e € b we define two analytical spaces Y C Yy and X, C
ViV, Let Zep := {z € Syp | Yu(z) € €,¥p(x) # v}, where v € e is the
vertex of type 7(v) = 0. Let Xy, := L&
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6.16 Proposition. Let v € b be a vertex of type 7(v) = 0. Then Sy = XE.

Proof. The space Xt is defined as ¥ = {z € YV | dp(¢p(z),v) < 1,207 =
—Fy((w1,22))}. Furthermore, Fy((21,22)) = ayp((1,72)) mod 7. There-
fore ™ + ay b (21, 22)) - (Fo((21,22))/av (21, 22))) = 0 holds with

Fo((z1,22))/ayp((21,22)) =1 mod w. For x € ¥y, one has that b,(z) =
28+ ayp((21,75)) = 0 mod 7 holds. From this the isomorphism fol-
lows. O

6.17 Proposition. Let g € SU(2,L) and let e = g(eg) € b be an edge.
Then the spaces Yoy and X4y, are isomorphic.

The isomorphism Yep = E;b 15 gien by taking zy = 1, 2o = —Xo
\
and as z the solution of zit' = a"’b((m’xj);ﬁl((zl’zz)) that satisfies zy =
— o

: mod 7. The identifications given do not depend on the choice of
the element g € SU(2, L) such that g(ey) = e.

g*xr19*x2
T

Proof. Similar to the proof that ¥f and 3£ are isomorphic, once one observes
that ay p((21,22)) = Fp((21,22)) mod 7 on Xyp D Zep. O

6.18 Theorem. Let 3y, := |J,op, Xvip/ ~. Here ~ denotes the equivalence
relation obtained by applying the isomorphisms Yep = Zg,b for all edges
e € b. Then Xy, is a well-defined rigid analytic variety and Xy = 3.

Proof. Similar to the proof that Xf is a well-defined rigid analytic variety
isomorphic to X. O

6.19. Other possible simplifications. One can again simplify the con-
struction somewhat by identifying the coordinates x1, zo of P with the coor-
dinates z;, 2o of PV through the relation z29 + x92; = 0.

A more significant simplification can be obtained by also defining polyno-
mials by (2) = —7- 28" +ayp(2) mod 7 for the vertices v € b of type 7(v) =
1. These polynomials can then be used to define for vertices v € b of type
7(v) = 1 a analytical space X, ), := {z € Y" | by(2) = 0,dp (¢ (2),v) < 1}.
The proofs in this case are again quite similar to the ones presented above.
For our purposes in the sections below the construction of ¥}, as presented

here is sufficient.
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7 Stable points in the projective plane

In this section we describe in some detail the points in the projective plane
that are stable for all maximal K-split tori of the group U(3, L). In partic-
ular, we describe a U(3, L)-equivariant map from the set of stable points to
the building B. The results presented here have been proved in [L-V] and
[V].

The map will be used extensively to construct the uniformising space and
its compactification in the sections that follow. In particular, the map will
allow us to define suitable affinoid spaces and pure affinoid coverings that
correspond to simplices in the building B.

7.1. Stable and semistable points. Let P and PV be distinct projective
planes P2 with coordinates zg, ¥1, 72 and 2, 21, 29, respectively. Let the group
U(8,L) act linearly on P and PV preserving the hermitian form A and hY,
respectively.

For a maximal K-split torus in U(3, L) we use the linearisation that is
the restriction to the torus of the U(3, L)-linearisation of O(1). The homo-
geneous torus invariants are generated by the monomials 3 and z;zy in P
and by the monomials z2 and 2z, in PV

Let Y* C P and Y**" C PV denote the open analytical subspaces that
contain the points that are semistable for all maximal K-split toriin U(3, L).
Similarly, we denote by Y C P and Y*¥ C PY the open analytical subspaces
consisting of the points that are stable for all maximal K-split toriin U(3, L).
Then Y* := P2 — {y € P*(L) | h(y,y) = 0} and Y* := {z € P2 | V(y €
P%(L) such that h(y,y) = 0) h(x,y) # 0}. Similar descriptions hold for Y
and YV,

7.2. Criterion for semistability. We define a function r(x) on P2 involving
torus invariants that can be used to define the space Y*° .

Let A C B be an apartment with coordinates xg,z1,xs and let g €
U(3,L). Then we define:

reaa(x) = {

Then ry4.4(z) is well-defined for z € P%.

Let r(z) := inf{ryaa(z) | g € U(3,L)} for x € PZ. Then r(z) > 0
if and only if x € Y*® and there exists an apartment gA € B such that
rea.a(x) =1r(z) (See [P-V] §3.6).

0 if .7)% =x129 =0
maz{|g*z3|, |9 w19 wa| }/ maz{|aF], |x12a|}  if maz{|aF], |x12a]} # 0.
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7.3. The interval of semistability. Let v € B be a vertex of type 7(v) = 0.
To the vertex v belongs an equivalence class of L°-modules [M]. Let M, be
the module < eq, ey, e >.

Let C; be the ring of integers of the completion of the algebraic closure of
K. Let M, be the C;—module M, =M, ® C;. For a rational point u € B,
there exists an apartment A 3 v,u and a torus element s € S, where S is
the torus belonging to the apartment A, such that u = s-v. To the point
u = s-v € B we associate the C)-module M, :=s- M,.

The parahoric group P, C U(3,L) acts on M,. The equivalence class
M,] of C,-modules does not depend on the choice of the apartment A, the
torus element s or the vertex v.

If for all apartments A 5 u the reduction 7 € P(M,, ®/{) of x is semistable
for the reduction S ® ¢ of the torus S that belongs to the apartment A, then
we say that x is semistable in the reduction for U(3,L) at u € B.

Let z € Y* be a point. The interval of semistability I(x) of x for the
group U(3, L) is the closure in B of the set of points u € B(Q) such that x
is semistable in the reduction for the group U(3, L) at u:

I(z) := {u € B(Q) |  is semistable in the reduction for U(3, L) at u} C B.

The interval of semistability I (x) of x € Y{¥* for the group U(2, L) acting
on the building b is defined analogously. The point z € Y{° is semistable in
the reduction for the group U(2,L) at u € b, if for all apartments A C b,
A > u, the reduction 7 € P(M, ®/) of z is semistable for the reduction S ® ¢
of the torus S that belongs to the apartment A. Then:

Iv(z) := {u € b(Q) | x is semistable in the reduction for U(2, L) at u} C b.

The subsets I,(z) C b and I(x) C B are convex for a point = € Y{#* and
x € Y** respectively. The interval I(z) is bounded if and only if z € Y.
(See [V] cor. 4.10.) If z € Y** —Y®, then the interval of semistability I(z) is
not bounded. As an example take the point (x¢,0,0) € P2 that is stabilised
by the group PU(2, L) belonging to b C B. Then I(z) = b.

For the action of U(2, L) on Yy*¥ and U(3, L) on Y*" one analogously
defines intervals of semistability I}/(z) and IV(z) for points z in Y;¥*" and
YV respectively.

For later use we recall some results from [V]:

7.4 Proposition. Let x € Y** be a point. Then there exists a PU(2,L)-
building b C B such that I(z) = Iv(x). In particular, I(x) C b.

Proof. See [V] theorem 6.2. O
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7.5 Proposition. Let x € Y** and let b C B be a PU(2, L)-building. Then
the following two statements hold:

i) If the intersection I(x) (b is non-empty, then Iy(z) = I(x)(b.

ii) If the intersection I(x) (b is empty, then I(x) = {v}. Here v € b is
the unique vertex such that dg(v,1(x)) = dg(b, I(x)).

Proof. This is a direct consequence of [V] prop. 6.5, where a similar state-
ment is proved for an apartment A C B, instead of a PU(2, L)-building
b C B. O

7.6 Lemma. Letx € Yb and let A C b be an apartment such that Yy (z) € A.
Let pp(x) = mm{v( ) 0}, where the z;, i = 0,1,2 are the coordinates of
P2 corresponding to A Then Ip(z) == {u € b | dp(Vp(x),u) < —pp(x)}.

Proof. For the convenience of the reader we give a proof here, even though
this has been proved in [V] prop. 5.6.

Let A C b be an apartment containing ¥y (z). Let xq,x1, 22 be the
coordinates of P% | such that the torus S belonging to A acts diagonally. Since
|9 “| =1,4=1,2 and g*zg = x¢ for all elements g € Py, »)(SU(2, L), the
value of pb( ) does not depend on the apartment A > ¢, (x) used.

Let t € S be an element such that [t*z;| = [t*z5| holds for the point
x € Yy. We replace the coordinates z; by t*z; for i« = 0,1,2. Now the
Coordlnates x; are coordinates of IP% instead of P%.

Let s € S be the diagonal clement diag(1, 31,32) w.r.t. the coordinates
x;,1=0,1,2 of IP’2 The reduction Z is semistable for the torus S ® ¢ at s -
tp(z) if and only if |s*22| < maz{|23|, |v172|} and |s*23| < maz{|x3], |v172}.
Furthermore, |s*z3|, |s*z3| < maz{|x{], [2125} if and only if py(2) < v(5E) <
—pb(2).

Since di(5-Yp (), Yu(2)) = v(£), the reduction Z of x is semistable for the
torus S® ¢ at s-Yp(z) € A € b if and only if dp(s - Pp(x), Vp(z)) < —pp(z).

Since g € Py, ) (1U(2, L) acts only on the coordinates z; and z,, the
point x is also semistable in the reduction at sy (x) for the torus gSg~! @ /.
Hence x is semistable in the reduction at s - 1, (x) for all apartments A >

s - Pp(x).
Therefore x is semistable in the reduction for the group U(2, L) at the
point u € b if and only if dy(u, ¥p(x)) < —pu(z). O
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7.7. A U(3,L)-equivariant map v¢g : Y® — B. Let z € Y* be a point.
Since Y* C Yy?, the image ¢y () € b is well-defined for any PU(2, L)-building
b C B.

Let A C B be an apartment such that r4 4(z) = r(x). Then A is con-
tained in a unique PU(2, L)-building b C B. Therefore Iy(x) and ¢y (2)
are well-defined. Let us consider the set by, ;) containing the PU(2, L)-
buildings b’ 3 9y, (). Then {pp(x) | b’ € by, (2)} obtains its infinum for some
PU(2, L)-building b” € by, (). Indeed, the compact group Py, ) C U(3, L)
that stabilises the point 1,(x) € B acts transitively on the set by, ;) and the
function pp (), b" € by, (z) is continuous. Without loss of generality we may
assume that b = b”. Then I(z) = Iy(z) C b and we define ¥5(z) := ¥p(z).
Therefore 1g(z) is the center of the interval of the interval of semistability
of z (See [V] def. 6.4). A map vy : Y*" — B is defined analogously.

8 An admissable open subspace of >},

An open admissable subspace ¥ C X, is defined. We define and describe
in some detail an open admissable subspace ¥, C Xy p. The space X} is
obtained by glueing the spaces 3, for the vertices v € b. The space %}
will be used to construct the uniformising space in the next section.

8.1. Open admissable subspaces of ¥}, belonging to vertices v and
edges e in b. For a PU(2, L)-building b C B, we consider the space ¥,
that belongs to the group PU(2, L) that acts on b C B. For each vertex
v € b we define an admissable open subspace X3 ;, C Xy p.

If the vertex v is of type 7(v) = 0, then X is defined as ¥, =
Yubr(WHr € Y° | ds(¥s(r),v) < 1} If 7(v) = 1, then X5 | := 3, ({2 €
VY| ds(0y(2), v) < 1}

Similarly, we define for edges e > b two spaces. Let v; € e be the vertex
of type 7(v;) = i for i = 0,1. Then X2, = Yep( {2 € Y | ¢p(z) €
e () # o} and X5 = 26, Nz € Y0 | 05(2) € e, (=) £ va).

8.2 Lemma. Let v € b be a verter of type 7(v) =0 and let x € X3 ,,. Then
the following statements hold:

i) If vp(x) # v, then v & I(x).
ii) If vp(x) = v, then I(x) = {v}.
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iii) Let b' C B be a PU(2, L)-building that contains the vertex v.

a) If vg(x) € b, then Iy (x) = {v}.
b) If vg(z) € b, then Iy (z) = I(x).

Proof. To prove the first two statements of the lemma, we consider an element
g € P, such that yp(z) € g(A) and I(z) C g(b). Since ds(vp(z),v) < 1,
such an element g exists.

Now by (z) = g* 28 + g*x1 - g* 2l 4 g* x5 -g* 2047 f(z) = 0, where f(z) is a
homogeneous polynomial of degree ¢ + 1. Without loss of generality we may
assume that Z:—i;] < 1. Then (Z:—ig)q“ 4 LI (ST gfﬂ = 0. Since

g* @2 g* T2 *xpd
dg(vs(r),v) < 1 and 9yp)(x) = ¥p(z), we have 1 > z:—;ﬂ > |mr|. Therefore
To g+l — |21 holds, unless | L2 = 1 and |£2L 4 (£21)9] < 1 holds.

g x2 g xr2 g T2 y g T2 g x2
In the latter case ¢p(z) = v and £ = w mod 7 for some w € L°
such that w? = —w. We will show that this cannot occur. There exists an

element h € SU(3,L) such that h*g*x; = g*ry — wg*xe, h*g*zy = g*xa,
h*g*ro = g*ro. Then %| < 1. Tt follows that ¥p(x) & gA. In
particular, ¥z(x) # v. This contradicts our assumptions. Hence this cannot
occur.

We conclude that \g*—ig|q+1 =

2
922 |(@+H1)/2 giyes | L2 |(@+1)/2 =
g*z1 grr1g*a2

() = — 55 - ds(vs(2), V).
Therefore if p(x) # v, then v € I ) (x) and I(x) = Iy (x). If ¥p(z) =
v, then I(z) = Iym)(xz) = {v}. This proves statements (i) and (ii) of the
lemma.
Statement (iii)a follows from statement (i) and the fact that v € b’ is the
vertex closest to I(x) if ¥s(x) ¢ b’. Statement (iii)b is a direct consequence

of statements (i) and (ii) of the lemma. O

g—y holds. Multiplying both sides with
22 |(@=D/2 - Otherwise stated pym)(7) =

grx1

8.3. Isotropic points. Let v € b C B be a vertex of type 7(v) = 0 and let
[M,] be the corresponding equivalence class of L°-modules. Let a € P(My)
be an isotropic point such that the reduction of a is not contained in the
reduction of the P} given by o = 0 belonging to b. Then a = (ag, a1, az)

with |-%| = 1.
The closed ball of radius r around a in Xy, is defined by B(a,r) :=
{z € Xyp | |M| < r}. Since zy # 0 for x € Xy, this is well-defined.

ao-To
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For a vertex v.€ b C B we define the set Iso(v,b) as Iso(v,b) := {a €
2
P2(L) | h(a,a) =0,|—2| = 1}.

aiaz

8.4 Proposition. Let b C B be a PU(2,L)-building and let v € b be a
vertex and let e € b be an edge. Then the following statements hold:

i) If 7(v) =0, then 333, = Sy — U B(a, |n|).

a€lso(v,b)
i) If T(v) =1, then 33, |, = Xy p.
ii1) Zz,b = Yeb and EZ?{) = E‘\;b.

Proof. Let us prove statement (i) of the proposition. We first show that the
points ¥ € ¥, , such that ¢y (z) # v are contained in X5, . If 2 € ¥y, then

po() = minfu(5). 0} = v(5E) = ~ 55 - d(v, ().

Since by assumption ¥y (x) # v, the value of pp(x) is non-zero. Therefore
Iv(x) = I(x)[(b holds. The convexity of I(x) and the fact that v & I(x)
imply that I(x) = I,(x) holds. Therefore ¢¥(z) = ¥p(z) and dg(v, Ys(z)) <
L. Hence z € X33 ;. One verifies that = € B(a, ||) for all a € Iso(v,b).

Let us now consider the case where ¢y (z) = v. Let a € Iso(v,b) be the
isotropic point a = (ao, a1, az). Take a = (£2) and 8 = (£2). Then one can
define an element g, € P, C SU(3, L) as follows: gizy =21 +a- 20+ (- 29,
galla = T2, gaTo = Lo — - Ta. Then (9570, o1, go22) = (20 — “L2, M;T;'L),x ).
In particular, for the point a, one has: (g¥zo, giz1, gixs) = (0,0, az2). The set
of elements {g, € Py | a € Iso(v,b)} acts transitively on the halfapartments
that start in the vertex v and that are not contained in b.

Let us assume that ¢y, (2) = v and that x ¢ Y*. Then = ¢ ¥, and we
have to show that x € B(a, |r|) for some a € Iso(v,b).

Since x ¢ Y*, there exist a point y € P?(L) such that h(y,y) = 0 and
h(z,y) = 0. If y € Iso(v,b), then grr; = % = 0. Hence z € B(y,|n|).
If y € Iso(v,b), then |y3] < |y1y2| and |y1z9 + yox1| < 1. In particular,
tp(z) # v. This contradicts our assumptions. Hence this cannot occur and
x € Y*® must hold.

Let us now assume that ¢y (z) = v, z € Y*® and moreover, that dg(¢g(x),v) >
1. Then x ¢ %7, and we have to show that x € B(a,|n]) for some
a € Iso(v,b). There exists an element g, € SU(3, L) such that the apart-
ment g,A contains ¥g(z). Then Iy, ) (z) = I(z)()ga(b) C I(x). We can
choose the element g, in such a way that the apartment g,A contains a
point r € I(z), that has distance R = maz{dp(u,ys(z)) | u € I(x)}, the
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radius of I(z) to the center ¥g(x) of I(x) and distance dg(v,v5(r)) + R
to the vertex v. Then dg(¢g, ) (x),v) > d ( ), v) holds. In particular,

v) = dg(¢s(z
dg(Yg,b)(x),v) > 1. Therefore v( L) = v(L ”)) > 1. Hence z € B(a,|n|)

S*

Q*

and x € X7 )

Next we show that if ¢(z) = v and dp(¢g(z),v)) < 1, then for all
a € Iso(v,b) the point = & B(a, |r|). Indeed, since dp(¢g(z), )) < 1, for an
element g, we have either I(z) () ga(b) = 0 and I, ) (z) = v or Iy, m)(z) =
I(z) and v, ) (z) = ¢¥p(x). In both cases 0 < v(ga"’“) = (E“ ) < 1 holds.

In particular, = ¢ B(a, |r|). This concludes the proof of statement (i) of the
proposition.
Let us now prove statement (ii). Let 7(v) = 1 and let z € X, . Then

mzdtt Qv 21,2 — 22
o) = o(eCrm) ) - a2l gy (v, 4 (2)). Therefore v(2L) =

2

_qT21_Z+_1 b(V, ¥y (2)). So U(%):%_Zﬁ b(V, ¢y (2)) > 0 holds,
since dy, (v, ¥y (z)) < 1. From this one concludes that I}/ (z) = {¢y(2)} holds.
Therefore Mé(z) = 1y (z) holds and z € X5, . Hence X5, |, = Xy p if 7(v) = L.

Let us now prove statement (iii). If = 3 Ze b then wb( ) € e and Yy (x) #
v. Then I(z) = Iy(z) and ¢p(x) = ¥p(z) € e. Hence v € %7, Therefore
¥ep = Xep holds. For z € ¥/} one again verifies that ¢(2) = wb( ) holds.
Therefore 32}, = %, holds.

This concludes the proof of the proposition. O

8.5 Proposition. Let X} := J, ¢y
relation obtained by applying the identifications 3¢, = ZZ:\{) for all edges
e € b. Then the following four statements hold:

35w/ ~, where ~ denotes the equivalence

i) The space ¥, is a well-defined rigid analytical variety.
ii) The space X5, is an open admissable subspace of Xy,.

ZZZ) Xp = Eb o Uva,T(v):O UCEISO(V,b) B(C’ ‘7T|)

Proof. Statement (i) is clear from the construction. The second statement
follows from the fact that the spaces 37, C Xy are open admissable sub-
spaces. The third statement follows from the description of the spaces 3.0},
given in the proposition above. O

8.6 Proposition. Let v € b be a vertex of type 7(v). Then:
i) If 7(v) =0, then X5, | = Sy [z € Y* | ds(¥s(z), b) < 1}.
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i) If T(v) =1, then £33, = Sy ({2 € YoV | dg(¥)(2),b) < 1}.

Proof. Let us prove the first statement of the proposition. For a point
r € X34, the inequality ds(vs(z),b) < dp(¥s(r),v) < 1 holds. Hence
the inclusion Y5, C {x € Y* | d(¢s(z), b) < 1} holds.

Now let z € ¥y — X7 },. Then x € B(a,|n]) for some isotropic point
a € Iso(v,b). The isotropic point a corresponds to an edge e > v that
is not contained in b. In particular, if € Y, then the path from ¢p(x)
to the vertex v contains the edge e. Therefore the vertex v € b is such
that the equality ds(vs(z),b) = ds(1s(z), v) holds. It follows that X5 | =
Yvp( Wz € Y?® | dg(¢p(z),b) < 1} holds.

The second statement is straightforward, since X5 | = Yy, if 7(v) = 1.
This concludes the proof of the proposition. O

9 The uniformising space

Let ' € PU(8,L) be a discrete co-compact subgroup that preserves an
almost complete transversal covering 7 of PU (2, L)-buildings. In this section
the spaces Xp for b € T are glued together into a space V°.

In 88 a space ¥} was constructed by glueing the spaces 3, for the
vertices v € b. We now choose the equations that define the spaces Z v.p With
veEbandb €T in a I-invariant way. Then ¥, = 33 3, holds, if b, beT
are such that v € b, b’. Since the edges e € B are contained in at most one
building b € T, we can now simultaneously apply the identifications 3¢, &
Yoy foralledgese € band b € T The result is a space Y° = (Jpcr X/ ~7-
Here ~7 is the equivalence relation that identifies 33 | with 33 |, for vertices
v € b,b’ with b,b" € T.

The embedding of >y, ()= Svp into P and of 37 ) X34, into
PV is such that I'N Hy, acts hnearly on both. These linear actions can now be
extended 0 3 o7 > ch (w0 Svb A D oper D e r(v)=1 v Lherefore
we have a well-defined action of I" on the analytical space Y°. The action is
discontinuous.

If the transversal covering T is complete, then the quotient Y°/A is a
projective algebraic curve for normal subgroups A C I' of finite index and
without elements of finite order.

In general the quotients )°/A are not proper. We will compactify such
non-proper quotients in the next section.
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9.1. Polynomials for the vertices contained in |T|. Let ' C U(3, L) be
a discrete co-compact subgroup that admits a I'-invariant almost complete
transversal covering 7 of PU(2, L)-buildings. We give extra conditions on
the homogeneous polynomials ay ,(2) and by (x) associated to the vertices v €
|T| := Upes b. These extra conditions allow us to glue the open admissable
subsets Xp C Xy, for b € T together.

Let by € T be an PU(2, L)-building. Let vy € by be the vertex cor-
responding to the equivalence class [M,,], My, =< ep,e1,ea > and let
v1 € by be the vertex corresponding to the equivalence class [My, ], My, =<
eo, €1, ™ tey >. The homogeneous polynomial by, (z) is such that by, (z) =
28 4 2128 4+ 2929 mod 7. The homogeneous polynomial ay, p, () is of de-
gree ¢+ 1 in the coordinates z; and z5 such that ay, b, (2) = 21(729)7+2{(722)
mod 7 holds. Let v = g(vg). Then by(z) = ¢g*by,(z) mod 7. Let v € be T
and let g € U(3, L) be such that v/ = g(vy) and b = g(bg). Then the poly-
nomial ay p(2) is homogeneous of degree ¢ + 1 in the coordinates g*z; and
g*z9 such that ay p(2) = g*ay, p,(2) mod 7 holds.

In this way we associate to each vertex v € [T| C B of type 7(v) = 0
(1(v) = 1) that is contained in a PU(2, L)-building b € T a homogeneous
polynomial by () (ayn(2)) of degree ¢+ 1 such that the following two condi-
tions hold:

i) If 7(v) =0, then byw)(z) = v*by(z) for all y € T".
ii) If 7(v) = 1, then ay(v) ) (2) = Y avp(2) for all v € I.

Since Char(K) = 0, one can always replace a homogeneous polynomial by ()
by the homogeneous polynomial ﬁ ZveFv v*by () to obtain a polynomial
that satisfies the condition (i).

9.2. Construction of the rigid analytic space )° for |T| := (J,.;b.
The space )° is defined by associating to each vertex v € |T| a analytic space
Y, and glueing them together along open admissable subspaces V. and )
corresponding to edges e € |T.

The spaces ), for v € |T| are defined as ), := % . Here b € T is a
PU (2, L)-building that contains the vertex v. If 7(v) = 1, then the building
b > v is unique. If 7(v) = 0, then condition (i) on the polynomial by (x)
ensures us that the space 3.7, does not depend on the choice of b > v.
Clearly, Y, C Y if 7(v) =0 and Y, C Y*V if 7(v) = 1.
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For the edges e € |T| we define the spaces Y, := ¥, and Yy := X2},
Let v,v’' € e be the vertices of type 7(v) = 0 and type 7(v’) = 1. Then
Ve C Yy and Y C Yy are open admissable subspaces.

Since each edge e € |T| is contained in a unique PU (2, L)-building b € T
and Ve = Yep and Y = E(\;b, we can identify Vo & VY by using the same
identifications used to identify Yoy = X7,

9.3 Theorem. Let )° = Uvem Vy/ ~, where ~ is the equivalence relation
that identifies Yo = VY for all edges e € |T|. Then:

i) The space Y° is a well-defined rigid analytical space.

1) V° = Uper 2/ ~7. Here ~r is the equivalence relation that identifies
for all vertices v € B of type T(v) = 0 the spaces ¥, = 35,/ for all
b.b' € T withv € b, 1.

Proof. The identifications Ve = Yep, = Eéb = Y. are well-defined for e € b.
Since each edge e € J,.rb is contained in a single building b € 7 and
the spaces ), are all disjoint, as are all the spaces Y., we can apply the
identifications simultaneously for all edges e € |T|. The result is a well-
defined rigid analytic space )°.

The second statement of the proposition follows from the fact that the

identifications used to define the space J° when restricted to the spaces )y
with v € b for a PU(2, L)-building b € T define the space ¥y, O

9.4 Proposition. Let v € |T| be a vertex of type 7(v) = 0. Let b, € T,
i=1,...,s be the PU(2, L)-buildings that contain the vertex v. Let H; =
P(U(1,L)x U(2,L)) C PU(3,L) be the stabiliser of b; and let a; € P(L) be
the point that is fized by the group H; fori=1,...,s. Then there exist open
affine subvarieties X; C P, i = 1,...,s such that the following statements
hold:

i) a; € X; fori=1,...,s.

ii) The intersection of the reduction X; ® € and the hermitian curve given
by by(x) =0 mod 7w in P(M,) ® £ is an open affine subvariety of the
hermitian curve.

iii) Let Ry : P(My) — P(M, ® {) be the reduction map. Let e € b; be an
edge containing the vertexr v. We consider the space Ve as a analytic
subspace of P(M,) = P and the affine varieties X; ® { as subspaces of
P(M, ®¥{) for j =1,...,s. Then the following statements hold:
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o) Ve R (X, @) =0,
b) Ve C RUX; @) forj#i,j=1,...,s.

iv) Let Xyp, C P(My) = P be the open admissable analytical subspace
Xup, = BN (N, X @0) if s > 1. If s = 1, then we define Xy, 1=
P(M,). Let e € |T| be an edge such that v € e. Then the analytical
space Ve 1s contained in the open admissable subspace Xy, C P if and
only if e € b;.

Proof. For the point a; = (z0,0,0), we take as X; the affine variety defined
by zo # 0. Let g;; € P, C SU(8,L) be an element such that g; j(a;) = a;.
Then g; ;(b;) = b; holds for j # i. We define X, by X; := ¢, ;(X;) for j # i.
We will show that the thus obtained varieties X; satisfy the proposition.

By construction statement (i) of the proposition holds. On the hermitian
curve given by by (z) =0 mod 7 in P(M,)®/, the intersection is again given
by T # 0 and is affine. Therefore statement (ii) holds.

Let us now prove statement (iii) of the proposition. The reduction Ry (Ye) C
P(M, ® ¢) consists of a single ¢-valued isotropic point. This is the isotropic
point that corresponds to the edge e € B. We may assume that Ry (V) =
{(0,21,0)} holds. Since Ty = 0 holds on Ry (),.), it follows that the inter-
section Ry (Ve) [ X; ® ¢ is empty. Hence statement iii)a of the proposition
holds.

To prove statement iii)b, we take again the element g; ; € P, C SU(3, L)
such that g; ;(b;) = bj for j # i. Then g7 ;x¢ # 0 holds on Ry (Ye). Therefore
Ry(Ye) C X; ® £. From this statement iii)b of the proposition follows.

Statement (iv) of the proposition is a direct consequence of statement
(i). O

9.5. Identification of coordinates in P and PV. The proposition above
shows that around a vertex v € |T| of type 7(v) = 0, one can simplify the
construction of the analytical space. On each of the open analytic subvarieties
Xvp, C P one can identify the coordinates of the line fixed by the group H;
in P with the coordinates of the line in PV fixed by the group H;. The
identification of coordinates is given by a suitable translate of the equation
T122 + @221 = 0. As a consequence one blows up the points in P and PV
that are fixed by the stabilisers H; of the PU(2, L)-buildings b; € T that
contain the vertex v and identifies the exceptional lines in P (resp. PV) with
the corresponding ordinary lines in PV (resp. P).

49



Let us now briefly discuss the situation for two PU (2, L)-buildings by, by 3
v that do not intersect transversally at v. Then they have an edge e > v
in common. Let the affine subvarieties X; € P and Xy C P be defined as
above. The isotropic point Ry()e.) that corresponds to the edge e is nei-
ther contained in X7 ® £ nor in X, ® ¢. Therefore ), is not contained in
R;Y(X; ®{) nor in R} (X5 ® ¢). One needs to use another affine subvariety
Zo C P(M,) = P such that Y. C Ry (Z. ® £). On the open analytic space
R;Y(Z,® () that contains the space ), one must make a choice of which co-
ordinates to use, i.e. those belonging to the building by or to the building bs.
Therefore one has two choices for the coordinates that can be used to define
the analytic spaces Y and )/, where v’ € e is the vertex different from v.
One somehow has to make a I'-invariant choice of which of the buildings b,
or by one wants to use to define these spaces. This might not be impossible,
but it does make the construction somewhat more complicated. We will not
follow this road.

9.6 Proposition. Let b,b’ € T be two distinct PU(2, L)-buildings and let
by 2p C Y be the associated subspaces. Then exactly one the following two
statements hold:

a) The intersection b(\b’ is a verter v and X3 (X}, = Yy = X3, =
v,b’"

b) The intersection b N'b’ is empty and the intersection 3y, (| Xp, = 0.
Proof. Let Yy C Y°. One verifies that Vi, (X5 # 0 if and only if v/ €

b. From this and the definition of a transversal covering the proposition
follows. [

9.7. A map 1/)13;0 . Y° — B. We define a map 1/%50 : Y° — B by taking:

oy = { ¢ for points contained in (J,¢j7( (yy=o Vv

3 for points contained in ¢z ,(v)=1 Wv-

To avoid making the notation unnecessary complex, we do not distinguish
between the use of the coordinates z; and z;, ¢ = 0, 1, 2 for this map. In the
propostion below we show that this is well-defined.

9.8 Proposition. The following statements hold:

i) The map @D%’O s well-defined and T'-equivariant.
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ii) 35, = {z € V° [ ds(vy (x),b) <1} CI°
ii) If v € V°, then dg(vy (2),|T]) < 1.
w) vy (¥°) ={u e BQ) | ds(u,[T]) <1} = B(Q) — {v | v & Uper b}-

Proof. To show that the map 1/)%}0 is well-defined we have to show that at
edges e € |T| the equality ¥5(x) = ¥)4(2) holds, whenever x € ), is identified
with z € Y in J°. We observe that if b € T contains the edge e, then
Yp(x) = Yp(z) and ¥4(2) = Yy (2). Since g*x19*22 + g* 2921 = 0 holds and
p(z) = U<§2) and Py (z) = U(ZZ) after a suitable identification of the
apartment A C b, A 3 e with the real line R, we conclude that 1} () =
() = i (2) = 0¥ () holds.

The map 1/1?;0 is ['-equivariant by construction.

Statements (ii) and (iii) of the proposition follow directly from the fact
that dg(¢p(z),v) < 1 for x € ). The final statement follows from the
fact that Ve = 32, = Zep. Therefore ¢ (Ve) = tp(Sep) and ¢p(Sep) =
e Q— {vi,va}. Here v, and vy are the vertices in e. Clearly, v € ¢ (J4).
Therefore the image of ¢%,o contains all rational points of the building B,
except for the vertices v e B — |T]. O

10 Compactification

Let I' € PU(3, L) be a discrete co-compact subgroup preserving an almost
complete transversal covering 7. Let )° be the analytic space corresponding
to the covering T as constructed in §9. If the covering 7T is not complete,
then the quotients )° /A are not compact. Here A C I' is a normal subgroup
of finite index and without elements of finite order.

If the transversal covering T is I'-adapted, then the space )° can be
compactified I'-invariantly. To compactify the quotient, one adds to the
space )Y° a suitable admissable space ), for each vertex v € B that is not
contained in a PU(2, L)-building b € 7. The spaces ), that are added are
isomorphic to open admissable subsets of {2;.

The result is a space ) D Y° on which I' acts discontinuously such that
the quotients )J)/A are proper.

10.1. Analytic spaces for the vertices v and edges e not contained
in |7|. For each vertex v € B that is not contained in |7| = (J,o; b, we
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define an analytic subspace )V, C Y*V. Let g, € SU(3,L) be an element
such that the apartment g, (A) contains the vertex v. Let gfzo, g5z1, k2o be
the coordinates of P¥ 2 P2 such that the torus S belonging to the apartment
gv(A) C B acts diagonally. The elements g, are choosen in a I'-invariant way.

We define Y, := {z € Y*" | dg(v}(2),v) < 1, gizo = 0}. Then ), =
{z € Q1 | dp(¥y.(2),v) < 1}. Here the space Q; C P}, where the P} C PV is
given by g% zp = 0 and b is the PU(2, L)-building that contains the apartment
gv(A).

For an edge e ¢ |T| we define two spaces ), and ). Let v,v' € e be
the vertices of type 7(v) = 1 and 7(v') = 0. Let Ve := {x € Vo | ¥5(z) €
e, p(r) AV} C Y Let VY :={z €V, | vs(2) € e,i(z) # v} C Y.

10.2 Lemma. Let e € B be an edge that is not contained in |T| = U, b.
Let vg, vy € e be the hyperspecial and non-hyperspecial vertex, respectively.
Then Ve = {z € VI | dg(y(z),vo) < qur_l} The isomorphism is given by
taking g5 x0gs 20+ guregyz1 = 0, where the coordinates are such that g,zy =0

defines the PL C PV used to define Y, C Y*" for the vertez v, € e.

Proof. Without loss of generality, we may assume that gy, = 1. Then we may
assume the points & € ), satisfy the equation by, () = zy2d + 292, + 20T =
0. The isotropic point in Iso(vy, b) that corresponds to the edge e is assumed
to be (0,0,73).

The points © € Y, satisfy 15(z) € e. Therefore 1 > || > || holds.

q+1
From by,(z) = 0, it follows that e —20 - mod 7 holds. Therefore one
Z2

obtains a P} in the reduction with coordinates xg, 22 (and not z1,zs). The
vertex v € e satisfies |7| = |r|. The L°-module corresponding to the vertex

vy is (Wﬁ -€g, - €1, ez). This gives indeed a line ]P’é with coordinates zo and
. Moreover, the points ¥ € Ve satisfy 1 > |22 > \qi—l :

The identification of (xg,z1,22) € Ve with (0,21, 22) € Y. using the
relation zgzo+x221 = 0 gives an isomorphism Ve = {z € VY | dg(¥yl(2), vo) <

qul} as stated in the lemma. O

10.3 Lemma. Let v € B — |T| be a (non-hyperspecial) verter. Let I'y C T
be the stabilizer of the vertex. Then the following holds:

i) There exists an anisotropic point xo € P2 fized by T'y. The restriction
Uyl,s defines an embedding 'y — PU(2,L).
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ii) There exists a I'y-invariant pairing of edges e 5 vy.

Proof. The group I'y is contained in the stabiliser P, C I € PU(3, L). Since
the vertex v is non-hyperspecial, it follows that I'y stabilizes some anisotropic
point zy. The transversal covering 7 is I'-adapted. In particular, no element
of T'y stabilises an edge e > v. From this it follows that the restriction
I'y|,+ = I'v. From this statement (i) follows.

Let us now consider statement (ii). From p > 2, it follows that the
number of edges e 5 v is even. Since T is [-adapted, the stabiliser I'¢ C T',
of an edge e 3 v is trivial. If the number of I'y orbits on edges e 3 v is even,
then we can choose a I'y-invariant pairing {7'(e),~'(€’)}, 7' € 'y, such that
the edges e,e > v are in two different I'y-orbits. Since there are an even
number of I'y-orbits, we can obtain a pairing by repeating this process for
other orbits.

If the number of orbits is odd, then the order |I'y| is even. We choose
an element v € I', of order two. In a I'y-orbit of edges e 3 v we choose an
edge ep. Then the pairing on the orbit is given by {7'(eg), 7 (v(eo))}. Since
v (v(eg)) # ep for all v/ € T'y and +/'(y(ep)) = ey implies 7' = ~, this gives
a well-defined I'y-invariant pairing on the orbit. Repeating the process for
each I'y orbit of edges e 3 v gives the required pairing of edges. O]

10.4 Definition. We are now able to glue all the spaces )., v € B together
[-equivariantly along the spaces ), and ). For each vertex v € B — |T|
we fix a ['y-equivariant pairing of the edges e 5 v. We choose these pairing
[-invariant. Each such pairing induces a pairing of coordinates x; and s
that is used in lemma 10.2 above to obtain an isomorphism ), = {z €
Y dp(ty(2),vo) < ﬁ} The analytical space Y := | J,c5 W/ ~, is defined
by the equivalence relation given by the following identifications;

R =I if e e |T]|

e = {z € V) | ds(¥y(2),vo) < (14%1} ifed|T|.
10.5 Theorem. Let I' C PU(3, L) be a discrete co-compact subgroup and let
A C T be a subgroup of finite index that contains no elements of finite order.
Let T be a I'-adapted transversal covering of B and let Y = |J ez v/ ~

be the analytical space corresponding to the covering T . Then the following
statements hold:

i) The space Y is a well-defined rigid analytic variety.
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ii) The group T acts discretely on the rigid analytical space ) and the
quotient Y /A is a proper algebraic curve on which the finite group
['/A acts.

Proof. 1t is clear from the construction that ) is a well-defined rigid analytic
space. The group A acts on ) by permuting the admissable subspaces ), C
Y. Since I' and A act discretely on the building, they act discretely on the
space ).

Let us now prove that the quotient /A is proper. To do this we cover
Y with two admissable T-invariant affinoid coverings {X,(r) | v € B} and
{Xy(r2) | v € B} such that X, (1) CC X, (r2) for all vertices v € B.

Let X (R) C )y be the analytical subspace X (R) := {x € ) |
dp(p(z),v) < R} if 7(v) =0 and Xy (R) :={z € Yy | dg(¥)i(2),v) < R} if
7(v) = 1. Here R € Q is such that 0 < R < 1. One verifies that the analyti-
cal space Xy (R) is in fact an affinoid subspace of ). If 0 < R < R’ < 1, then
Xy(R) CC X (R') holds. If 1 > R > £t then the union |J, .5 Xv(R) = Y.

q+2’
The condition R > Z%; is needed, because for edges e € B — |T| the identi-
fication of a point z € Y, with a point z € Y is such that dg(¢y(2),vo) =
qul - dp(¢¥p(x),vg). Here vy € e is the hyperspecial vertex. By construc-
tion the covering is ['-invariant. Therefore we can take r; and 75 such that
% < r; <re <1 holds to obtain our admissable coverings.

After taking, if necessary, a suitable subgroup of A of finite index, we may
assume that the action of T on the affinoids is such that (X (r;)) (| Xy (r3) =
(), i = 1,2 holds for all v € T, v # 1 and for all v € B. Then the quotient
Y/ is covered by the image of finitely many affinoids Xy, (r;) and Xy, (rs)
with ¢ = 1,...,s for some s > 1. From this the properness of the quotient

follows. Since Y/A is a curve it is algebraic. O]
10.6 Corollary. The following two statements hold:

i) The group I' C PU(3,L) acts linearly on UVEB,’T(V):O V. through the
coordinates x;, 1 = 0,1, 2.

ii) The group T' C PU(3, L) acts linearly on |
coordinates z;, 1 = 0,1, 2.

(v)=1 Yy through the

veB,T

Proof. Clear from the construction. O]

10.7. Construction for subtrees 7' C B.
The construction can easily be generalised to the case of a subtree T' of the
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building B. Let I' C PU(3, L) be a discrete subgroup acting on a subtree
T C B with a finite quotient 7'/I". Let Tp be a I'-invariant almost com-
plete transversal covering of T' by PU (2, L)-buildings. Then all hyperspecial
vertices v € T are contained in |T7| and the buildings b € 77 intersect
transversally.

One first constructs a uniformising space )V; by glueing admissable sub-
spaces Xy p C Yp with b € T7. The subspaces ¥} » C Xy, are obtained
by removing the balls B(a,|n|) for a € Iso(v,b)r with v.€ b. Here
Iso(v,b)r C Iso(v,b) consists of the isotropic points that correspond to
an edge e € T', v € e, that is not contained in b.

If the transversal covering is I'-admissable, then the space )7 can be
compactified into an analytic variety Yr on which the group I' acts discon-
tinuously.

10.8 Example. Let ' C PU(3, L) be a discrete co-compact subgroup and
T a I'-invariant transversal covering. Let us assume that 7 is not complete
and that the group I acts transitively on the connected components of |T| =
U{b € T} C B. Let T = |T|° C |T| be a connected component and let
't C T be the stabiliser of T. Then the quotient 7'/T'r is finite.

The transversal covering 77 of T' is complete and therefore I';-adapted.
Let us assume that the transversal covering T is [-adapted. In particular,
we can construct rigid varieties ) and Yr on which the groups I' and I'p
act discontinuously, respectively. Let A C I' be a subgroup of finite index
without elements of finite order. We assume that A acts transitively on the
connected components of |7|. Let A C A be the stabiliser of the tree 7'

The curves Y/A and Y5./A = Yr/Ar both contain the open admissable
subspace Y°/A. They are different compactifications of the space Y°/A.
Let or : Yr — Yr/Ar be the quotient map. Let Y3° C Yr be the open
subspace ¢5.'(Y°/A). Then Y°/A = Y2°/Ar holds. Since Ar C A is not
normal, the quotient map Y° — Y°/A does not factor through the space

00

T -

11 Reduction and genus
We define a I'-invariant map from the space ) to the building B. Using this

map we construct a I'-invariant pure affinoid covering of J. A description of
the reduction of Y w.r.t. this covering is given. We also describe a semistable

95



reduction and give a formula for the genus of the quotients J/A in terms of
its reduction.

11.1 Definition. A map vy : Y — B. Let us define a map ¢ : Y — B
by:

" :{ Y5 on UVEB,T(V)=O Dy — Ueer\T\ Ve
B w% on UvGB,T(v)zl yV'

We again do not distinguish between the coordinates x; and z;, i = 0, 1,2 for
the map zﬁ%} . In the proposition below we show that the map is well-defined.

11.2 Proposition. The following statements hold:
i) The map w%} . Y — B is well-defined and I'-equivariant.

ZZ) wg'yofueeg_‘fm Ye — QZ]B :

iii) The complement of Y° inY isY—Y° = {z € Y | ds(vy(2),|T]) > qul}
— (v e Y| 3(v e B—[T)) ds(¥(x),v) < L},

Proof. Clear from the definition. O

11.3 Definition. Affinoid subspaces of the space ). For each edge e € B and
each vertex v € B affinoid subspaces XY, XY C ) are obtained by taking
XY ={r eV |y¥(x)=v}and XY := {x € Y| ¥3(x) € e}. Let C be the
covering C := {XY XY | v,e € B} of the space ).
The affinoid spaces X2 are obtained by removing some points from the
reduction of the spaces XZ for e € |T|. Therefore the affinoid algebra is not
1

T+

uniquely determined by our definition. Over the field L not both h and "
are defined. As in the case of ¥ we choose the affinoid algebra in such a way
that the components at the hyperspecial vertices have multiplicity ¢ + 1 and
the components at the other vertices have multiplicity one.

11.4 Theorem. The covering C = {XY, XY | v,e € B} is a T-invariant
pure affinoid covering of the rigid analytic space ). The reduction of the
space Y w.r.t. C is as follows:

i) To each vertex v € |T| C B corresponds a hermitian curve H. If the
vertex v s hyperspecial, then this component has multiplicity q + 1,
otherwise it has multiplicity one.
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i) To each vertex v € B — |T| corresponds a projective line Py with on it
a hermitian form.

iii) The components of the reduction corresponding to the vertices v,v' € B
intersect if and only if there exists an edge € > B with v,v' € e. In
that case, the point of intersection is {-valued (and isotropic) in both.

Proof. 1t follows directly from the definition that the covering C is pure.
From the definitions of the affinoids one easily obtains a description of the
affinoids and their reduction. This is similar to the determination of the
reduction of ¥ in theorem 5.8. We leave the details to the reader. O

11.5 Remark. Alternative pure affinoid coverings of the space Y. One can
construct a pure affinoid covering of ) by affinoids X, (R) by using two
distinct values R; and Ry. Let us take for vertices v € |T| the affinoids
Xy(Ry) and for the vertices v € B — |T| the affinoids X, (Ry) with 0 <
Ry, Ry < 1. The covering is an admissable affinoid covering of Y if % <R <

1 and 22(311) < Ry < 1. The covering is pure if Ry = % and Ry = 22(311).

Let us define affinoid spaces XY (R) for vertices v € B as follows: XY (R) :=
{r €Y |ds(¥¥(x),v) < R} with 0 < R < 1. For 1 < R <1 the covering is
an admissable affinoid covering of the space Y. If R = %, then the covering
is a pure affinoid covering of ).

For hyperspecial vertices v such that all edges e © v are contained in | 7|
and for non-hyperspecial vertices v the equality XY (R) = X, (R) holds.

11.6 Definition. Let e € B be an edge and let vy € e be the hyperspecial
vertex. We identify the edge e with the interval [0,1] C R such that the
hyperspecial vertex corresponds with 0. We subdivide the edge e into ¢
subintervals e(i) := [114%1’ ;_t—ll],j =0,...,q9. Let vo(i),i=0,...,¢+ 1 denote
the vertex corresponding to 7. Then ve(0) := vg is the hyperspecial vertex
and ve(q + 1) non-hyperspecial vertex of e.

The building with the edges e € |T| thus subdivided will be denoted by
Br. More precisely {v € Br} ={ve B}U{ve(i) |lee B—|T|,i=1,...,q}
and {e € Br} ={eec|T|}U{e(i)|eec B—|T|,i=0,...,q}.

Let C7 be the pure affinoid covering Cr := {XY, XY | v,e € By}. Here
XY ={reY|y¥(x)ev}and XY :={z € Y | v5(z) € e} are defined as
above, but with edges and vertices in By instead of B.

11.7 Proposition. The affinoid covering Cy is a pure affinoid covering of
Y. The reduction of Y w.r.t. to the covering Ct is as follows:
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i) A component H for the vertices v € |T| and a component P} with on
it a hermitian form for vertices v € Br — |T|

ii) Two components intersect in an {-valued isotropic point if and only if
the corresponding vertices that form an edge in Br.

iii) Over L(?T‘I%) the reduction is semistable.

Proof. The description of the reduction follows directly from the definitions.
The extension to L(Wqul) is needed to ensure that all components H have
multiplicity one. For edges e ¢ |T| the affinoid is essentially given by f F=T
for some suitable element f in the affinoid algebra belonging to XY. To obtain

a divisor with normal crossings one needs to subdivide this affinoid as is done
in definition 11.6. O

11.8 Proposition. The genus of a curve Y/A is given by g(Y/A) = 1+
e+ Yvenaloy —1) = 1+ne + 5= 4{v € [T|/A} —t{v € (B~ [T])/A}.

Proof. The genus of a curve and the genus of its reduction are the same
(See e.g. [F-P] proposition 5.6.2). Therefore we can use the description

of the reduction to compute the genus of the curve J/A. The genus of

the hermitian curve H equals ‘122—_‘1. To the vertices v € |T| corresponds a

hermitian curve and to the vertices v € B — |T| a line P'. From this the
formula follows. O

12 Comparison and speculation

We show that the spaces ) corresponding to complete transversal coverings
differ from some known moduli spaces. We further speculate about systems
of étale coverings of ) and on how the construction presented here can be
generalised to other groups.

12.1 Definition. Let 77,75 be two distinct complete transversal coverings
of the building B, i.e. |Ti| = |T2] = B. We call T; and T3 isomorphic and
write Ty = Ty if there exists an element g € PU(3, L) such that g(71) = Ts.

12.2 Lemma. Let T; 2 T3 be two complete transversal coverings of B. Let
Y1 and Y be the uniformizing spaces belonging to Ty and Ty, respectively.
Then the generic fibres of Y1 and Yo are isomorphic as point sets, but not as
rigid analytic spaces.
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Proof. To proof that the sets of points in the generic fibres of ), and ),
are isomorphic we construct isomorphic non-admissable coverings of both )},
and ). For hyperspecial vertices vy € B we define Xy, (i) := {x € ), |
Yy (x) = vo} for ¢ = 1,2. For non-hyperspecial vertices vi € B we define
Yo, (1) :=={zx € Vi | ds(¢g'(x),v1) < 1} for i =1,2.

The covering C; = {Xy,(7), Yy, (?) | vo,v1 € B,7(vg) = 0,7(vy) = 1}
cover the space ); for ¢ = 1,2. One easily sees that Xy (1) = X,,(2) and
Y, (1) = Y4, (2) hold. Moreover, each point in the generic fibre of the space
Y is contained in exactly one of the analytic spaces contained in the covering
Ci, 1 = 1,2. Therefor the generic fibres of ), and ), are isomorphic as point
sets. None of the spaces contained in the covering );, ¢ = 1,2, intersect.
Hence these coverings are not admissable.

To show that the spaces ), and ), are not isomorphic as analytic spaces
requires more work. TO DO!! m

12.3 Comparison. No relation with certain known moduli spaces. In [Vol]
a moduli space of principally polarized abelian varieties of dimension three
related to the group GU(1,2) over Q,, is described in detail. The components
of the reduction of the supersingular locus are hermitian curves H and cor-
respond to the hyperspecial vertices of the building. The p + 1 components
of the reduction belonging to the hyperspecial vertices that are neighbours
of a single non-hyperspecial vertex v; intersect in a single IF,2-valued point.
(See corollary 6.2 and theorem 4 of [Vol].)

Obviously, this closed fibre differs from the closed fibres of the spaces Y
for a complete transversal covering 7 of B. In particular, the spaces ) seem
to be unrelated to this moduli space.

In [Vol-W] example 4.8 a similar moduli space for the group GU(1,3) is
described. The reduction is again a tree of Hermitian curves that intersect
in the F,2-valued points. In this case each such point is contained in p* + 1
curves. Again the reduction is far removed from that of our spaces ).

12.4 Speculation. System of étale coverings of Y. The space X is a con-
nected component of a space that is part of a system of SU(2, L)-equivariant
étale coverings of ;. Therefore the space X itself has a system of SU(2, L)-
equivariant étale coverings. Each element of this system of coverings is again
a connected component of an étale covering of ;.

Let I' € PU(3, L) be a discrete co-compact subgroup that admits a com-
plete transversal covering 7. Let Y = V° = (U, o7 X5/ ~7 be the analytic
space that corresponds to the covering 7.
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Each space X, b € T is an open admissable subspace of a space ¥. The
group SU(2, L) belonging to b acts on X;. In particular, each space %,
admits a system of SU(2, L)-equivariant étale coverings. It seems likely that
these systems for the spaces X, b € 7 can be glued together into a system
of I'-equivariant étale coverings of the space ). The Galois group of such a
system of étale coverings would be the stabiliser of X in the system of étale
coverings of €.

Let us describe the Galois group in some detail. Let D D K be a central
division algebra with invariant 1/2 and maximal order Op C D. Then
D = L[1]/(I1? — 7) and Op = L°[I1]/(I1?> — 7). The element IT € D acts on
elements a € L as [la = o(a)Il, where o is the generator of Gal(L/K). The
Galois group of this system of étale coverings of €2, is the group Oj,.

The n-th level of this system is an étale covering of €2y with Galois group
(Op/II"Op)*. Drinfel’d only considers the levels 2m, m € Z that have Galois
groups (Op/7™Op)* = (Op/I1*™Op)* of this étale system. The space ¥ is
part of the first level of this étale system. The Galois group acting on this
level is (Op/IIOp)* = (L°/wL°)* = £*. Of course, this level is not an official
member of the étale system as defined by Drinfel’d.

It follows that the Galois group of the system of I'-invariant étale coverings
of Y would be the group (g € O3, | g =1 mod II).

12.5 Speculation. Generalisation. We briefly sketch how the construction
presented in this article could possibly be generalized to higher dimensions.

Let G be a semisimple algebraic group defined over K with building By;.
Let us assume that there exists a semisimple algebraic group H C G of the
same rank rkg (G) = rkx(H). Then the building by of the group H(K) has
the same rank as the building Bg. A transversal covering 7 of the building
Be by H(K)-subbuildings consists of buildings b = by such that non-empty
intersections of buildings b, b’ € T are buildings of rank strictly less than
rkx(G) and, moreover, each hyperspecial vertex v € Bg is contained in a
H(K)-building b € T.

Let us now assume that the group G is quasisplit, splits over an unramified
extension of the field K and has a root system ®g with roots of different
length. Let @5 C ®¢ be the root system consisting of the longest roots in ®.
To the root system @y belongs an algebraic group H C G of rank rky(H) =
Tk (G). In this situation it seems likely that I'-invariant transversal coverings
exist for discrete co-compact subgroups I' C G(K).

The long roots in @ are either of type A or of type D. If the long roots are
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of type A, then the group H(K) is a product of groups SL(n, K). Therefore
the group H(K) acts on p-adic symmetric space 2y of dimension rkx(H).
In this case it seems likely that one can construct a rigid analytic space ) for
a discrete subgroup I' C G(K) such that Y/I" is a proper algebraic variety.

To construct the analytic space ) one needs a suitable finite H(K)-
equivariant étale covering Xy — Qp. To allow glueing of the spaces Xy
corresponding to buildings b € 7, the component of the reduction X, y at
a hyperspecial vertex v € b C By of the space ¥y must be a homogeneous
variety for the group G(F,).

The components of the reduction of the space 2y at hyperspecial ver-
tices are compactifications of the Deligne-Lusztig variety X (wy )y belonging
to a Coxeter element wy of H(F,). The variety X(wg)y for the group
SL(n,F,) equals X (wy)y = ]P’I’F‘q’l — {F, — rational hyperplanes} (See [O-R]
Introduction). It seems likely that the components of the reduction of the
space X g at hyperspecial vertices are compactifications of the Deligne-Lusztig
variety X (wq)e that belongs to a (twisted) Coxeter element we of the
group G(F,). A necessary (and probably sufficient) condition for the ex-
istence of such a variety Xy is the existence of a H(FF,)-equivariant étale
map ¢ : X(wg)e — X(wg)y defined over some extension Fa C F,
such that (X (wg)g) € X(wg)m is an open subvariety. For the group
G(F,) = PU(3,F ) this holds, since in this case X (wg)e = H — H(F,2) and
X(UJH>H = ]P)]%pq - ]P)l(Fq)

Such a construction would give spaces ) for quasisplit semisimple alge-

braic groups that split over an unramified extension of K with root system
&s = B3, BC,,Cs,Go, 7> 1,8 > 1.

13 Examples

In §13.1 we consider the action of the groups Go = S3 x C7, and Gy = C7,,
on the hermitian curve H C P%. We describe their action on the isotropic
points of P? and determine the spreads invariant under the action of Gy and
Gy.

In §13.2 we construct discrete co-compact subgroups I'\IV C PU(3, L)
using the groups Gy and Gj,. The groups I' and [ act transitively on the
hyperspecial vertices of the building B. We determine the almost complete

transversal coverings of B that are invariant under the action of the groups
[ and T".
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In §13.3 we study the quotients of spaces ) and )’ that correspond to
the I'- and ["-invariant transversal coverings of the building B, respectively.
Let A C " and A’ C T be normal subgroups of finite index and without
elements of finite order such that I'/A = G and I''/A" = Gf. We determine
the genus of the curves Y/A and )’/A’. The quotients of /A by Gy and
of YV'/A" by G} are projective lines P} .

13.1 Finite groups and spreads

Let hy be the standard unitary form on 2 given by hy(z,y) = zoyd + 197 +
zoy5. We study the action Gy = S5 x C7,, and G, = C7,, on the set of
isotropic points in P?. We first consider the action of the group Gy on the
hermitian curve H defined by h(z,z) = 0. We also determine the spreads
invariant under the action of Gy and Gj,.

13.1 Proposition. Let us assume that p # 2. Let Gy := S5 X C’gﬂ act on
the hermitian curve H. Then H/Gy = P}. If p # 3 then the quotient map
©: H — H/Gy =P} has three branch points and branch groups Co(441), Cs
and Cy. If p = 3 the quotient map has two branch points with branch groups
CQ(q+1) and Sg.

Proof. The quotient map decomposes as follows H — H/ C’g L =P —
P;/Ss = H/Gy = P;. The first part of the map gives three branch points
(0,1,-1),(1,0,-1),(1,—1,0) € P} with branch groups C,.;. Here we as-
sume that the quotient P} is given in a plane P? by xq + z1 + 22 = 0.

If p # 3, then the quotient map P} —s P}/S3 has three branch points.
The branch groups are Cs, Cy and C3. The ramification points with group
Cy are given by coordinate permutions of (0,1,—1) and (2,—1,—1). The
ramification points of type (0,1,—1) are branch points with group Cj 4.
The group C,41 acts only on the coordinate xy and the group C; fixes xy and
permutes the coordinates x; and 5. The stabilizer of an /-valued isotropic
point of H is contained in a Borel subgroup of the group SU(3,¢). Since
p 1 2(q + 1), the stabilizer is abelian. Further calculation shows that the
group is cyclic of order 2(q + 1). Therefore this gives a branch point with
branch group Cy(411). The points of type (2, —1, —1) give a branch group Cs.
The ramification group Cs stabilizes the points (1,w,w?) and (1,w? w) with
w® = 1. Hence the group O3 corresponds to a branch point.

If p = 3, then the group S; is a Borel group B(2,1) of order 6. The
quotient of P} by the Borel group has two branch points. The branch groups

62



are Cy and S3. The group S3 stabilises the point (1,1,1) € P}. The groups
of type (5 also fix points that are coordinate permutations of the point
(0,1,—1). The latter again results in a branch group Cy(g41) for the quotient
of H by G. Therefore in this case we have two branch points and the branch
groups are Cy(g41) and Ss. ]

13.2 Table. In the table we describe the Gy-orbits on /f-valued isotropic
points.

condition on ¢ stabilizer | ¢ orbits size a point in the orbit
Caat1) 1| 3(g+1) 0,1,a), a® = -1
p=3 S 1] (g+1)? (1,1,1)
1| (¢g—3)/6 | 6(g+1)
Cag+1) 1] 3(¢g+1) 0,1,a), a® = —1
Cs 1] 3(g+1)2 (1,1,b), b2+ = -2
qg=1 mod 3
Cs 1] 20¢g+1)2 | (1,6,6%), I =w, w® =1
1| (g=7)/6 | 6(g+1)*
Cag+1) 1] 3(¢g+1) (0,1,a), a®* = —1
¢=2 mod 3 Co 1] 3(g+1)2 (1,1,b), b9 = —2
1| (g—5)/6 | 6(g+ 1)

13.3 Proposition. i) If p = 3, then a mazimal Gy-invariant partial

spread consists of q> — 2q lines. There are 3% such mazimal partial
spreads.

it) If ¢ =1 mod 3, then a mazimal Go-invariant partial spread consists
of ¢* — 3q — 1 lines. There are 3% such partial spreads.

ii1) If g =2 mod 3, then there exist 3% distinct Go-tnvariant spreads.

Proof. We will first show that a Goy-invariant (partial) spread can contain
only lines a* such that some coordinate a; = 0 for i = 0,1, 2. Then we will
determine for each Gy-orbit of isotropic points which choices of lines a* are
possible and whether they are contained in the partial spread or not.

Let a € P?({) be an anisotropic point. Let us assume that the line a
is contained in a Gog-invariant (partial) spread. Then some coordinate a;,
1 = 1,2,3 is zero. Indeed, if all coordinates a; # 0, then the orbit Gy - a
consists of at least (¢ + 1)*> > ¢ — ¢ + 1 points. Since a spread consists of

¢*> — ¢ + 1 lines, this cannot be.

1
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Let a € P?(¢) be an anisotropic point with at least one coordinate equal
to zero. The isotropic points in the line a* are contained in a single G-orbit
Gy - y. It follows that the isotropic points in the lines in the orbit Gy - at
form the orbit Gy - y.

Let a’ € P*(¢) be another anisotropic point with at least one zero coordi-
nate. Let us assume that the intersection a*Na't is an isotropic point. Then
the isotropic points in orbits Gy - a* and Gy - @'+ cover the same G-orbit
Gy - y. In particular, choosing for each Gy-orbit Gy - y of isotropic points an
anisotropic point a L y is almost equivalent to defining a (partial) spread.
The only condition required is that none of the lines in the orbits Gy - at
intersect in an isotropic point.

Let us now determine the size of the orbits Gy - a for anisotropic points
a € P?(¢) such that some coordinate a; = 0 for i = 0,1,2. If a € Gy - (1,0,0),
then the orbit has size 3 and if a € Gy - (1,—1,0), then the orbit consists of
3(¢ + 1) points. In all other cases the orbit Gy - a contains 6(q + 1) points.

All we have to do now is to see in which cases for y € a* the equality
(g +1)-|Go-a|l = |Gp-y| holds. For this we use table 13.2. If the orbit
Gy - y consists of points stabilised by a group Cyg11), then y; = 0 for some
i € {0,1,2}. In particular, |Gy - y| = 3(¢ + 1) and we need to take a €
Go - (1,0,0). If the orbit Gg - y consists of points stabilised by a group Cs,
then |Gy - y| = 3(¢ + 1)? and we need to take a € Gg - (1, —1,0). If the orbit
G - y consists of points stabilised by a group C5 if g =1 mod 3 or of points
stabilised by a group S3 if p = 3, then no choice of a orbit Gy - a has the
correct size. Hence these points cannot be contained in a maximal partial
spread.

If the orbit Gy - y consists of points with trivial stabiliser, then it has size
6(¢+1)? and a € Gy~ (1,0,0), Gy - (1, —1,0) gives the same size. In this case
all the coordinates y; # 0 and we have three possibilities for the choice of the
anisotropic point a L .

Therefore the number of maximal Gg-invariant (partial) spreads equals
3™ where m is the number of Gy-orbits of isotropic points with trivial sta-
biliser. Moreover, the isotropic points that are covered by the (partial) spread
have stabiliser Cy(g41), C2 or 1. In particular, only for ¢ = 2 mod 3 do full
spreads exist. The proposition follows from this and table 13.2. O

13.4 Proposition. Let G, be the group Gy = C2,,. Then there exist 3972
Gy -invariant spreads.

L

Proof. Let a € P?(¢) be an anisotropic point such that the line a™ is contained
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in a Gj-invariant spread. Then some coordinate a; = 0 with i € {0, 1,2}. If
none of the coordinates a; are zero, then |G} - a| = (¢ + 1) > ¢* —q + 1.
Hence this cannot be. Furthermore all the isotropic points in the line a* are
contained in a single G{-orbit.

Therefore we can use the same methods as in the proof of prop. 13.3
above. The size of orbits Gj-a is 1 if a € {(1,0,0), (0,1,0),(0,0,1)} and g+1
in all other cases. The size of orbits G - y of isotropic points is ¢+ 1 if y; = 0
for some i € {0,1,2} and (¢+1)? in all other case. Now (q+1)-|Gy-a| = |G-y
with y € at holds for all Gj-orbits. Again there are three choices possible
for a L y if all the coordinates y; # 0. There are % = ¢ — 2 distinct
orbits of isotropic points with non-zero coordinates. Therefore there exist
3772 distinct Gy-invariant spreads.

TO DO: Isomorphism under Ss-action??? ]

13.5 Remark. If ¢ = 2 mod 3, then the set of lines {¢g((1,0,0)%), g((1,1,0)%) |
g € Gy} is a minimal Gy-adapted partial spread. If p =3 or ¢ =1 mod 3,
then no Gy-adapted partial spread exists.

The set of lines {(1,0,0)*,(0,1,0)*,(0,0,1)*} is a minimal Gj-adapted
partial spread.

13.2 Discrete groups and transversal coverings

We use the groups Gy and Gy, to construct amalgams I" and I'. We embed
these amalgams into the group PU(3, L) such that the groups act transitively
on the hyperspecial vertices of the building 5. We determine the complete
transversal coverings invariant under the action of the groups I' and I".

13.6 Definition. Let V be the vector space V := L? with on it the standard
unitary form h(z,y) given by h(z,y) = xoJo + 171 + x272. Let v € V be a
vector. We define a map p, : L* — L? by py(z) =2+ ({441 — 1) - Zgzg
The element p, multiplies the vector v by (1 and acts trivially on v*. The
element p, preserves the unitary form h(z,y) and is an element of the group
PU(3,L) acting on P(V).

We will use the elements p, for suitable vectors v € V' together with the
group Gy = S5 x 7, to define a discrete group I' C PU(3,L). To avoid
edges e 2 v stabilised by subgroups C5 we assume that ¢ = —1 mod 3.

The I'y,-orbits of the anisotropic points (1,0,0) and (1, 1,0) consist of 3
and 3(g+1) vectors, respectively. These vectors have stabiliser Cs ix C’g 1 and

- V.
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Cy x Cyq1, respectively. To obtain a group I' that acts transitively on vertices
v of type 7(v) = 0, we add to the stabilizer of each vertex v neighbouring
vp a group Cy4q, that acts transitively on the edges e > v.

Let T be the amalgam of Gy = S5 x CZ,, with a group C; x C7,, along
Cy(g+1), With a group Cy x Cyq1 along Cy and with % groups Cy1; along 1.
If g =2 mod 3, then the amalgam I' is defined as being:

[':=(Cy % CFy) ey (83 % CFpy) #0; (G X Ca)

If p = 3, then we define a similar amalgam I' as follows:

[ :=(Cy x CF 1) *0yphr, (53 X Coyy) s (S3 % Cypa)

13.7 Proposition. i) If g =2 mod 3, then the group I' can be embedded
into PU(3,L) as a discrete co-compact subgroup that acts transitively
on the hyperspecial vertices of B.

it) If p =3 and the extension K D Qs is unramified, then the group I' can
be embedded into PU(3, L) as a discrete co-compact subgroup that acts
transitively on the hyperspecial vertices of B.

Proof. Let us first prove statement (i). Let the equivalence class [My] :
[{eo, €1, €2)] correspond to the vertex vy € B. Let I'y, be the group I'y,
S x CZ, . Then I'y, acts on My and preserves the unitary form h(z,y).

The edges e vy correspond to the isotropic points in P(My ® £). The
module M; that corresponds to a neighbouring vertex vi; € B is given by
M, := (2, My). Here the vector v € M, is choosen such that the reduction
v mod 7 is the isotropic point that corresponds to the edge e 3 vy, v, and
h(v,v) = 7 holds. The element p, € PU(3, L) preserves the module M; and
acts transitively on the edges e € v;.

The element p, depends on the choice of the vector v € M. To embed
the amalgam T" into PU(3,L) as a discrete subgroup we need to impose
some conditions on the choice of the vectors v. The choice of the ¢* + 1

It
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vectors v has to be Gy-invariant. For a vertex v; in a Gy-orbit such that the
edge e 3 vy, vy has trivial stabilizer, this causes no problems. One chooses
a suitable vector v for a vertex v; in the orbit and for the vertices g(vy),
g € Gy, one uses the vector g(v).

For a vertex vy such that the stabilizer G C G| of the edge e > vy, v
is non-trivial, one must choose the vector v such that the group (p,, Ge) is
finite and as defined in the amalgam I".

Let us first consider the edge e with G'e = Cy(q41). Let a € (L°)* be a unit
root such that a?t! = —1. We consider the edge e > v, that corresponds
to the isotropic vector (0,1,«) mod m. Then Ge = (g,), where g, acts by
Ga((To, 11, 12)) = (w0, ¥ Ly, —17).

The vector v € My = (L°)? can be choosen to be v = (0, 1, v5) orthogonal
to the vector (1,0,0). We take vy to be vy = (1 + 7wu), with u € (K°)*.
Then g,(v) = (0,a%(1+7mu), —1) = (0,72, —1). Therefore h(v, go(v) = 0 and
the elements py, py, @) and g2 commute. In particular, (p,, Ge) = Cy x CZ,
holds.

Let us now consider the case G = C5. The vector v can be choosen
to be orthogonal to the vector (1,—1,0). Then v = (1,1,v2) such that
ng = —2 mod 7. The vector v is stabilized by the group Cs that permutes
the coordinates zy and z;. In particular, (p,, Ge) = Cy X Cyiq.

For ¢ = —1 mod 3 the groups I'y, := (p,, Ge), dp(v1,vy) = 1, together
with T'y, = Gy define an embedding of the amalgam I' into PU(3, L) as
a discrete subgroup. For each vertex v; € B that forms an edge with the
vertex vy, the added groups p, = Cy41 act transitively on the edgese > vy. In
particular, the embedding of the group I is co-compact and acts transitively
on the hyperspecial vertices in B.

The proof of statement (ii) is similar to that of statement (i). The only
difference is the choice of the vector v that is stabilised by a group S3. Let
the group S5 act on the coordinates by permutation. Then the only vector v
fixed by the group Sj is the vector v = (1,1, 1). Then h(v,v) = 3. Therefore
it is necessary that m = 3 holds. In particular, for p = 3 the embedding of the
group I' only acts transitively on the hyperspecial vertices, if the extension
K D Q3 is unramified. O

13.8 Remark. Arithmeticity. For ¢ = 3,5 the groups I' are isomorphic to
an arithmetic group. Let ¢ = 3 and let L := Q3(i) with i* = —1. The group
[ equals T' = (Cy x (C4)?) *¢, (S3 % (C4)?) *s, (S5 x Cy). Let A be the lattice
A := ®3_(Z[i] - e;. To embed the group T', one can use the vectors (141,1,0)
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and (1,1,1) to define the elements p,. Then ' 2 PU(A[3]).

Let ¢ = 5 and let w be a third root of unity, i.e. w® = 1. Let L = Q3(w) =
Qs5(v/=3). One has I' = (Cy x (C)?) *cy, (S3 X (C6)?) *¢, (Cy x Cg). Let A
be the lattice A := ®%_;Z[w] - ¢;. To embed the group I, one can use the
vectors (2,1,0) and (1 —w,1,1) € A to define the elements p, € I'. Then
[ = PU(ALL]).

13.9 Definition. The group I'. Let the group I" be the amalgam of Gj, =
C2,, with three groups C?,, along groups Cy;1 and with ¢ — 2 groups Cyy1
along 1. The amalgam I" is defined as being;:

2
Cq—i—l
2 *20qul 2
I
r '_Cq—i-l *Cqt1 Cq—i-l *Cqt1 Cq—i-l
Cq+1 C’q+1
~—_————

q—2

13.10 Remark. Relation between the groups I' and I”. If ¢ £ 1 mod 3,
then there exists a map I' — S3, such that the kernel is isomorphic to I".
Using remark 13.8, it follows that the group I" is isomorphic to an arithmetic
group if ¢ =3 and ¢ = 5.

13.11 Proposition. The group I'" can be embedded into PU(3, L) as a dis-
crete co-compact subgroup that acts transitively on the hyperspecial vertices

of B.
Proof. Similar to the proof of prop. 13.7. m

13.12 Proposition. i) If g =2 mod 3, then there is a bijection between
Go-invariant spreads and I'-invariant complete transversal coverings.

ii) There ezists a bijection between Gy-invariant spreads and I'-invariant
complete transversal coverings.

Proof. We only prove the proposition for I' and Gy. The proof for IV and G|,
is entirely identical.

So let us assume that ¢ = 2 mod 3. We first define a map from I'-
invariant transversal coverings to Gg-invariant spreads and a map from G-
invariant spreads to I'-invariant transversal coverings. Then we will show
that the maps indeed define a bijection.
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We fix a Gg-equivariant bijection between edges e > v, and isotropic
points in P?(¢). The edges e > vq contained in a subbuilding b C B are
contained a line ai; = P}. The buildings b 3 v contained in a T-invariant
complete transversal covering T define a set of lines {ai: | b € T, vo € b}.
Since T is a I'-invariant complete transversal covering, the set of lines defines
a Gp-invariant spread.

Let S be a Gy-invariant spread. Then each isotropic point y € P?(¢) is
contained in a unique line a,; € S. The point a, € P*(¢) is anisotropic with
at least one coordinate equal to zero. Let € 3 vy be the edge that corresponds
to the isotropic point y. Then define the building b € T containing the edge
e O vy as being the building of the stabiliser of the anisotropic xp,. The point
xp is the unique point such that the coordinates (xp); = 0 and, moreover
h(zy,v) = 0. Here v is the vector that defines the element p, € I' that
preserves the vertex vy € e.

To prove that the maps indeed define a bijection it is sufficient to show
that the only I'-invariant transversal coverings are the ones given by the map.
Let us assume that 7 is not as given by the second map. Then there either
exists a building b € T, vy € b such that x}, has only non-zero coordinates
or h(zp,v) =0 mod 7 but not h(zp,v) = 0. In the first case I'y, - b consists
of more than ¢*> — ¢ + 1 buildings all containing the vertex vo. Hence this
cannot be.

In the second case I'y, - b consists of more than one building and these
buildings contain all the edges € 3 v;. This cannot be. Hence the two maps
defined above together give indeed a bijection. O]

13.13 Proposition. Let I' and I be embedded into PU(3,L) as in prop.
13.7 and 15.11.

i) If ¢ = 2 mod 3, then the quotient B/T is a tree that consists of one
hyperspecial vertex vy and %7 non-hyperspecial vertices that form an
edge with the verter vy.

ii) The quotient B/T" is a tree that consists of one hyperspecial vertex vy
and q + 1 non-hyperspecial vertices that form an edge with the vertex
Vo.

Proof. This follows directly from the fact that the groups I' (with ¢ = 2
mod 3) and I” act transitively on hyperspecial vertices in B and from the
action of Gy and G, on isotropic points. n
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13.14 Definition. Normal subgroups without elements of finite order. Let
p: I' =TIy, = Gy be a map such that no element of finite order is in
the kernel. Since all the elements p, € I' have order ¢ + 1, such a map ¢
exists. Let A C I' be the kernel A := ker(y). By construction the group A
contains no elements of finite order. Moreover, the group A acts transitively
on hyperspecial vertices v € B.

Let ¢ : I" — I',, = G{ be a map such that no element of finite order is
in the kernel. Since all the elements p, € I" have order ¢ + 1, such a map
¢ exists. Let A" C I be the kernel A := ker(yp). The group A’ contains no
elements of finite order and acts transitively on hyperspecial vertices v € B.

13.15 Proposition. i) If ¢ =2 mod 3, then the quotient B/A consists
of one hyperspecial vertex vy and ¢* — q + 1 non-hyperspecial vertices
that form q + 1 edges with the vertex vy.

ii) The quotient B/A' consists of one hyperspecial vertex vy and q¢*> —q+ 1
non-hyperspecial vertices that form q+ 1 edges with the vertex vy.

Proof. Direct calculation. O]

13.16 Definition. Minimal I'- and I"-adapted transversal coverings. One
can use the minimal Gy-adapted and Gj-adapted partial spreads to define
I'-adapted and I"-adapted transversal which are non-complete. Let ¢ = 2
mod 3. Then we define 7,,;, as being the transversal covering of B defined
by the vectors {7((1,0,0)),7((1,1,0)) | v € T'}. Then T, is a minimal
['-adapted transversal covering.

We define 7,). as being the transversal covering of B defined by the
vectors {7((1,0,0)),~((0,1,0)),7((0,0,1)) | v € I"}. Then T, is a minimal
["-adapted transversal covering.

13.3 Algebraic curves

We use the groups A C I' and A’ C I" to construct algebraic curves. We
assume that the groups I' and I" are embedded into PU(3, L) as described
in prop. 13.7 and 13.11. Both the complete transversal covering and the
minimal I'- and I"-adapted transversal coverings are used. We determine in
each case the genus and show that the quotient of the curve by the group
['/A (resp. T"/A') is a projective line Pj.
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13.17 Proposition. Let ¢ =2 mod 3 and let T be a complete I'-invariant
transversal covering and let ) be the corresponding analytic space.

i) V)T =Pl

ii) The reduction of the quotient /A consists of ¢> —q+2 components H.
FEach component corresponding to a non-hyperspecial vertex intersects
the unique component H corresponding to a hyperspecial vertex in q+ 1
distinct (-valued points.

iii) The quotient map Y/A — Y/T = P has (1272’%22 branch points.
There are two branch points with group Cs, one point with group Cj

and q2_6q+4 points with group Cyy;.

iv) g(V/A) = S5

Proof. The quotient of the hermitian curve H by a group Cy41 or C’q2 1 where
the groups C,41 stabilize an anisotropic vector is a Pj. Since the stabilizer
of each component H contains a normal subgroup of this type, the quotient
of each component is a curve P}. Since the quotient graph B/T is a tree,
statement (i) follows.

Statement (ii) is clear.

Let us now consider statement (iii). The branch groups of the map
Y/A — Y/I' are finite and stabilise a vertex v € B. Therefore they equal
branch groups of the maps H — H/T'y = P;. A branch point of the map
H — H /Ty is contained in the generic fibre of Y (or Y/A) if and only if
the corresponding branch group does not stabilise an edge e 5 v. To prove
(iii) it is therefore sufficient to determine the branch points and groups for
each component of the reduction of Y/T".

The quotient map H — H /G = P} has three branch points and branch
groups Cy(g41), C3 and Cy. The groups Cy(g41) and Cs stabilise an edge e and
the corresponding points are omitted from the generic fibre of ). Therefore
the corresponding component P} of the reduction of J/T gives a single branch
point stabilized by a group Cj.

The quotient map H — H/(Cy x C7,,) = P; has three branch points
and branch groups Cy(g11), Cgq1 and Cy. The group Cyq41) stabilises an edge
e and the corresponding point is omitted from the generic fibre of ). Hence
the corresponding component P} of the reduction of Y/T' contributes one
branch point with group Cy and one branch point with group Cy;.
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The component P} in Y/T" coming from a map H — H/(Cax Cyy1) gives
one branch point with group Cs and % points with branch group Cy4. The
q%f’ components P} in J/T" coming from a map H — H/C,11 give each g+1
branch points with group Cy,41. We have now determined the contribution
of each component of the reduction of Y/I" to the set of branch points and
groups of the map Y/A — Y/I'. Statement (ii) is obtained by addition of
these contributions.

Statement (iv) follows from statement (iii) and the Riemann-Hurwitz
formula or from statement (ii) and the formula for the genus obtained in

prop. 11.8. O

13.18 Proposition. Let ¢ = 2 mod 3 and let Vi be the rigid space cor-
responding to the minimal I'-adapted transversal covering Tin.

i) The quotient Vi /T is a projective line P} .

ii) The reduction of the quotient VA consists of 3q+ 7 components H
and ¢*> —4q—>5 components Py. Each component corresponding to a non-
hyperspecial vertex intersects the unique component H corresponding to
a hyperspecial vertex in q + 1 distinct (-valued points.

iii) The quotient map Vmin/N — VYmin/T = PL has 5(1%617 branch points.

There are % branch points with branch group Cyi1, one point with

branch group Cs and two points with branch group Cj.
iv) The genus of the quotient Vpin/A 18 §(Vimin/A) = M{’L&l.

Proof. The quotient of the hermitian curve H by a group Cy; or C’g 11 Where
the groups C,;; stabilize an anisotropic vector is a Pj. Since the stabilizer
of each component H contains a normal subgroup of this type, the quotient
of each component is a curve P}. Since the quotient graph B/T" is a tree,
statement (i) follows.

To prove statement (ii), one observes that the vertex vq is contained in
3(¢+2) buildings b € T. Therefore quotient YV /A consists of 1+3(¢+2) =
3q + 7 components H and % —3(q+2) = ¢* — 4q¢ — 5 components P,.

Let us now prove statement (iii) by determining the contribution of each
component of the reduction of V,,;, /T" The component stabilized by the group
S5 X C’g 1 gives a single branch point stabilized by a group Cs. The component
stabilized by a group C5 X C’q2 11 gives one branch point with group C and
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one branch point with group Cyy;. The component stabilized by a group
Cy x Cyy1 gives one branch point with group C; and %1 points with branch
group Cgy1. The % components P; stabilized by a group C,;; give each
two branch points with group Cyy;.

Statement (iv) follows from statement (iii) and the Riemann-Hurwitz
formula or from statement (ii) and the formula for the genus obtained in
prop. 11.8. O

13.19 Proposition. Let T’ be a complete I -invariant transversal covering
and let Y’ be the corresponding analytic space.

i) VI =Pl

i) The reduction of the quotient Y’ /A’ consists of ¢> —q+2 components H.
FEach component corresponding to a non-hyperspecial vertex intersects
the unique component H corresponding to a hyperspecial vertex in q+ 1
distinct (-valued points.

i) The quotient map Y'/A' —s V' /T’ 2 PL has ¢* — q + 4 branch points
with branch group Cyq;.

iv) gV &) = T4

Proof. The proof of statements (i) and (ii) is as in the proposition above.
Let us now prove statement (iii) by determining the contribution of each
component of the reduction of )’/I". The group I', acts without fixed
points on the component H. The three non-hyperspecial vertices v; with
stabiliser C’g 1 give each two branch point with stabiliser Cy1;. The ¢ — 2
components H corresponding to a non-hyperspecial vertex vy with stabiliser
I'y, = Cy41 give each ¢+ 1 branch points with stabiliser C, ;. Hence we have
in total ¢*> — ¢ + 4 branch points with branch group C,41.

To prove statement (iv) we use the formula g(J'/A") = 1+ne+>, (gv —
1) =55~ .

13.20 Proposition. Let Y, .. the rigid space belonging to the minimal I"-
adapted transversal covering T The following statements hold.

1) Vin/ 1" = PL.
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ii) The reduction of the quotient Y, .. /A" consists of 4 hermitian curves H
and ¢* —q—2 lines P}. FEach component intersects the hermitian curve
H that corresponds to the vertex vy in g+ 1 distinct  valued (isotropic)
points.

ii) The quotient map V! . N — V'
with branch group Cyq;.

W) g(Vhin/A) =+ ¢* —q.

Proof. Statement (i) follows from the fact that the quotient of a hermitian
curve H by a group C,11 is projective line P}. Indeed, it follows that the
reduction of quotient J! . /T is a tree of components P;.

Statements (ii) and (iii) are proved as in the previous proposition. One
easily sees that all branch points have stabilizer C ;.

Statement (iv) follows from statement (ii) and the Riemann-Hurwitz for-
mula. O

JT" = P} has 2(q+1) branch points

References

[A-B] Peter Abramenko and Kenneth S. Brown, Buildings Theory and Ap-
plications, Springer Verlag, 2008.

[B-E-K-S] Ron Baker, Gary L. Ebert, Gabor Korchmaros and Tamas Szonyi,
Orthogonally divergent spreads of Hermitian curves, Finite Geometry
and Combinatorics (Deinze, 1992), London Math. Soc. Lecture Note
Ser. 191 (1993), Cambridge Univ. Press, 17-30.

[B-E| Susan Barwick and Gary Ebert, Unitals in Projective Planes, Springer
Monographs in Mathematics, Springer Verlag, 2008.

[B-G-R] S. Bosch, U. Glintzer and R. Remmert, Non-archimedean Analysis,
Springer Verlag, 1984.

[Dr] V.G. Drinfel’d, Coverings of p-Adic Symmetric Regions, Functional
Anal. Appl. 10 (1976), 107-115.

[F-P] J. Fresnel and M. van der Put, Rigid Analytic Geometry and its appli-
cations, Progress in Math. 218, Birkhauser, 2004.

74



[H]

[Ki]

D.W. Hoffmann, On positive definite hermitian forms, Manuscripta
Math. 71 (1991), 399-429.

Markus Kirschmer, Definite quadratic and hermitian forms with small
class number, Habilitationsschrift, RWTH Aachen University, 2016.

[L-V] K.F. Lai and H. Voskuil, P-adic automorphic functions for the unitary

group in three variables, Algebra Colloquium 7 (2000), 335-360.

[O-R] Sacha Orlik and Michael Rapoport, Deligne-Lusztig varieties and pe-

[P]

riod domains over finite fields, Journal of Algebra 320 (2008), 1220-
1234.

Lue Pan, First covering of Drinfel’d upper half-plane and Banach rep-
resentations of GL2(Q,), Algebra Number Theory 11 (2017), 405-503.

[P-V] M. van der Put and H. Voskuil, Symmetric spaces associated to split

[Vol]

algebraic groups over a local field, J. Reine Angew. Math. 433 (1992),
69-100.

A. Schiemann, Classification of hermitian forms with the neighbourhood
method, J. Symb. Comput. 26 (1998), 487-508.

J. Teitelbaum, Geometry of an étale covering of the p-adic upper half
plane, Ann. Inst. Fourier (Grenoble) 40 (1990), 69-78.

Jacques Tits, Reductive groups over local fields, in Automorphic Forms,
Representations, and L-functions, Proc. Sympos. Pure Math. 33
(1979), Amer. Math. Soc., Providence, R.I., 29-69.

Inken Vollaard, The supersingular locus of the Shimura variety for
GU(1,s), Canad. J. Math. 62 (2010), 668-720.

[Vol-W] Inken Vollaard and Torsten Wedhorn, The supersingular locus of

[V]

the Shimura variety of GU(1,n-1) II, Inventiones Math. 184 (2011),
091-627.

H. Voskuil, On the action of the unitary group on the projective plane
over a local field, J. Austral. Math. Soc. (Series A) 62 (1997), 371-397.

75



